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AssIGNMENT MoDEL

7.1 INTRODUCTION

As already discussed earlier, linear programming relates to the problems concerning distributions of various
resourses (such as money, machines, time etc.), satisfying some constraints which can be algebraically
represented as linear equations/inequalities so as to maximize profit or minimize cost. This chapter deals with
a very interesting method called the ‘Assignment Technigue’ which is applicable to a class of very practical
problems generally called ‘Assignment problems’. ‘

The name ‘Assignment Problem’ originates from the classical problems where the objective is to assign a
number of origins (jobs) to the equal number of destinations (persons) at a minimum cost (or maximum profit).
To examine the nature of assignment problem, suppose there are n jobs to be performed and n persons are
available for doing these jobs. Assume that each person can do each job at a time, though with varying
degree of efficiency. Let c;; be the cost (payment) if the ith person is assigned the jth job, the problem is to
Jind an assignment (which job should be assigned to which person) so that the total cost for performing all
Jjobs is minimum. Problems of this kind are known as assignment problems.

Table 7-1
Jobs
1 2 Jj n
| (1] <12 Clj L e Cln
2 21 [ Cz Cn
Persons : : '
i i1l Ci2 (.‘,’j Cin
n Cnl “Cm2 “ Cnj [
ffices, classes to rooms, drivers to

Further, such typés of problems may consist of assigning men to offie t
trucks, trucks to delivery routes, or problems to research teams, etc. The assignment problem can be stated 1n

the form of n X n cost-matrix [c;;] of real number as given in Table 7-1 .-

Q. 1. Defina Assignment Problem.

2. Whatis an assignment problem ? [IGNOU 2001, 99, 97, 96]

7.2 MATHEMATICAL FORMULATION OF ASSIGNMENT PROBLEM

Mathematicaily, the assignment problem can be stated as :

n [}
Minimize the total cost : z= :‘glj;l cyXy,i=1,2,....n5j=12,..,n (71}

subject to restrictions of the form : _
‘ 1. if ith person is assigned jth job {12

¥y = 0 if not

'il x;=1 (one job is done by theithperson,i= 1,2, ... ,n) «(73)
1 =
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n
and ; z y i = 1 (only one person should be assigned the jthjob,j=1,2,...,n) ..(74)

where x;;denotes that jth job is to be assigned to the ith person.

This special structure of assignment problem allows a more convenient method of solution in comparison
to simplex method.

7.2-1 Assignment Problem as a Special Case of Transportation Problem

. The assignment problem (as defined in previous chapter) is seen to be the special case of transportation
problem when each origin is associated with one and only one destination. In such a case, m=n and the
numerical evaluations of such association are called ‘effectiveness’ instead of ‘transportation costs’.
Mathematically, all g; and b; are unity, and each x;; is limited to one of the two values 0 and 1. In such’

circumstances, exactly » of the x; can be non-zero (i.e. unity), one for each origin and one for each destination.

Q. 1. Give the mathematical formulation of an assignment problem.
[JNTU (B. Tech.) 2000; Meerut (Stat.) 98; Rewa (M.P.} 93 ; Meerut (iPM) 90]

2. Explain the conceptual justification that an assignment problem can ba viewd as a linear programming problem.
[VTU (BE Mech.) 2002]

3. Give the mathematical formulation of transportation problem:. How does it differ from an assignment problem ?
[VTU (BE Common) Feb. 2002; Meerut 2002; Madurai B.Sc. (Compu. S¢.} 92; Bharathidasan B.Sc. (Math) 90]

4. Explain the difference between a transportation problem and an assignment problem, Explain situations where an
assignment problem can arise. [JNTU (BE Comp. Sc.} 2004; Meerut (Maths) 99]

5. Show that assignment problem s the spacial case of the transportation problem. ’ [IAS (Maths) 88]
6, Give the mathematical formulation and difference between Transportation' and 'Assignment’ problems.
[Agra 99; Kanpur 96; Meerut {IPM) 91; 90]

7.3 FUNDAMENTAL THEOREMS OF ASSIGNMENT PROBLEM

The solution to an assignment problem is fundamentally based on the following two theorems.

Theorem 7.1. Reduction Theorem : In an assignment problem, if we add (or subtract) a constant to every
element of a row (or column) of the cost matrix [c;j] , then an assignment plan that minimizes the total cost for
the new cost matrix also minimizes the total cost for the original cost matrix.

‘ [Meerut {Maths.) 96, 94, 93 P; Rewa (MP) 93]

Proof. Let x; = X;; minimizes the toal cost,

i n
= ;=E] JEI C,:jx,'f ...(7‘5)
n n ,
over all x; such that x; 20 and _El X;= .}.".l x;=1, : w71-6)
1= J =
Itis to be shown that the assignment x; = Xj; also minimizes the new total cost
, n n
z = iEl JE] (C,‘j— u,-—vj)x,-,-

foralli,j=1,2, .., n, where u; and v; are constants subtracted from ith row and jth column of the cost matrix
[c] - To prove this, it may be written as
n n n n n. n
Z’ = I'E[jgl c,-jx,jj'- '_EI HE}EI.I;}' - j—_)-':lvj iglx,j .
Using equations (7-5) and (7-6), we get
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Since terms that are subtracted from z to give z are independent of x;’s, it follows that Z° is minimized
whenever z is minimized, and conversely.
This completes the proof of the theorem.
n n

Alternative statement of reduction theorem : If x;=X; minimizes z= .EI .21 cij xy over all
i=lj=
x;;= 0 or 1 such that '
n n :
iEI x;=1 ,jf} x;=1 » then x;;=X;;
I L o ¥ )'E , h ro_ :
also minimizes F4 =25 Clj Xig, W erec,-j—c,j—ui—vjforz,1=1,2, s s

and where u; and v, are some réal numbers. _
Corollary. If(x;),i=1,2...n; j=1,2,..,nisan optimal solution for an assignment problem with cost
(¢ij), then it is also optimal for the problem with cost (c;i') when
c',-j=c,-j fori,j=1,2,....n;j#k
c’yp=cy— A, where Ais a constant,

Proof. We have '
= ? ?nyu=§ ( jl::kcij'i'c','k)x"j“—' % (Jfk Cl'j+C"k—A)Iu= }: Ec,_,xq—A ?xu

=z-A  (since £ x;=1)
i

Thus if (x;) minimizes zso willitz".
Theorem 7.2. In an assignment problem with cost {c;j) , if all c;; 20 then a feasible solution (xy) which

n n
satisfies El . El- cyxy=0,is optimal for the problem.
t=1y=

Proof. Since all ¢;20and alix; 20, the objective function z= Z Z ¢ x; cannot be negative. The
minimum possible value that z can attain is 0. Thus, any feasible solution (x;) that satisfies £ Z ¢;; x; =0 will
be optimal.

Theorem 7.3. (Konig Theorem). Let P be the set of 0 elements of a matrix C. Then the maximum number
of O’s that can be selected in P such that no row or column of C contains more than one such 0 is equal to the
minimum number of lines covering all the elements of P.

Proof is beyond the scope of the book.

Corollary. The maximal subset of P provides an optimal assignment when the minimum number of lines
to cover all the elements of P is equal to the order of C.

Proof. Left as an exercise for the reader.

Q. 1. Explain how an assignment problem can be treated as a linear programming problem. Show that the optimal solution to
the assignment problem remains the same if a constant is added to or subtracted from any row or column of the cost
matrix. ‘

2, b=y~ u=vi(hj=1.12..... 1 whera u; and v;are constants, then show that an optimal solution of the assignment
problem with cost matrix B = (b;) Is also an optimal selution of the assignment problem with cost matrix C = (cy).
' {Delhi B.Sc. (Maths.) 90]

7.4 HUNGARIAN METHOD FOR ASSIGNMENT PROBLEM

The solution technique of assignment problems can be easily explained by the following practical examples.
Example 1. A department head has four subordinates, and four tasks have to be performed.

Subordinates differ in efficiency and 1asks differ in their intrinsic difficulty. Time each man would take to

perform each task is given in the effectiveness matrix. How the tasks should be allocated to each person so as

to minimize the total man-hours ? [UNTU (8. Tech) 2002, 2000; Tamil. (ERODE) 87; IAS (Main) 93; Kerala B.Sc.
{Maths) 91; Meerut (Stat.} 90; Kalicut B. Tech 50]
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Table 7:2
Subordinates ,
1 n ° m v
A 8 26 17 11
; Tasks B 13 28 4 26
C a8 19 13 15
D 19 26 24 10

Solution. To understand the problem initially , step by step solution procedure is necessary.
Step 1. Subtracting the smallest element in each row from every element of that row, we get the reduced
matrix [Table 7-3]
Step2. Next subtract the smallest element in each column from every element: of that column to get the
second reduced matrix {Table 7-4]

Table 7-3 Table7-4
0 18 9 3 o 14 9 3
9 24 0 22 ' .9 20 0 22
2 4 3 0 23 0 3 0
9 16 14 0 g . 12 - 14 9

Step 3. Now, test whether it is possiblc to make an assignment using only zeros. If it is possible, the
assignment must be optimal by Theorem 7.2 of Section 7-3 . Zero assignment is possible in Table 7-4
as follows :

(a) Starting with row 1 of the matrix (Table 7.4), examine the rows one by one until a row containing
exactly single zero clement is found. Then an experimental assignment (indicated by []) is marked to that cell.
Now cross all other zeros in the column in which the assignment has been already made. This eliminates the
possibility of marking further assignments in that column, The illustration of this procedure is shown in Table
7-5a.

Table7-5a ) Table 7-5b
1 n m W 1 n m v
(ol 14 s | 3 0] 14 9 3
9 20 [o] ) 9 20 [ol 22

23 0 3 0 2 . [o] 3 0

9 12 14 [o] D 9 12 14 o]

(b) When the set of rows has been completely examined, an identical procedure is applied sucessively to
columns. Starting with column 1, examine all columns until a column containing exactly one zero is found.
Then make an experimental assignment in that position and cross other zeros in the row in which the
assignment has been made.

Continue these successive operations on rows and columns until all zeros have been either assigned or
crossed-out. At this stage, re-examine rows. It is found that no additional assignments are possible. Thus, the
complete ‘zero assignment’ is given by A'—I1,B — I, C —» II, D — IV as mentioned in Table 7.5b..
According to Theorem 7.1, this assignment is also optimal for the original matrix (Table 7-2 ). Now compufe
the minimum total man-hours as follows :

a0 w >

00 = »

Optimal assignment : A—l B—III c—ll D—Iv
Man-hour : 8 4 19 10 (Total 41 hours.)

Now the question arises : what would be further steps if the complete optimal assignment after applying
Step 3 is not obtained ? Such difficulty will arise whenever all zeros of any row or column are crossed-out.
Following example will make the procedure clear.

Example 2. A car hire company has one car at each of five depots a b , c, d and e. A customer requires
a car in each town, namely A, B, C, D, and E. Distance (in kms) between depots (origins) and towns
(destinations) are given in the following distance matrix :
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Teble78 ©
a b [4 & d €
A 160 130 175 190 200
B 135 120 130 160 175
C 140 110 155 170 185
D 50 50 80 8O 110
E 55 .35 70 80 105
How should cars _be assigned to customers so as lo minimize the distance travelled ?
Solution. Applying Step I and Step 2 as explained in Example | we getthe Table 7.7,
Table 7.7 '
0 0./ 35 30 15
IS " R 10 e R
%& 0 35 30 20
_ 0 20 0 s
2 Q 25 15 A5

delete other zero (if any) in column 2 by marking ‘x° .

Step3. Row I has a single zero in column 2. Make 4n assignment by putting a square ‘{J" around it, and -

Table 7-8a
15 fo] 35 30 15 L
15 X [o] 10 X
15 X 35 30 20 /2
o] X 20 X 5
5 X 25 15 15 .0
)

Now, column 1 has a single 610 in row 4. Make an assignment by putting ‘01" and cross the other zeros
which is not yet crossed. Column 3 has a single zero in row 2, make an assignment and delete the other zeros

which are uncrossed.

It is observed that there are no remaining zeros ; and row 3, row 5, column 4, and column 5 each has no
assignment. Therefore, desired solution cannot be obtained at this stage. we now, proceed to following

important steps.

Step4. Draw the minimum number of horizontal and vertical lines necessary to cover all zeros at least once.
It should, however, be observed that (in all » X n matrices) less than n lines will cover zeros only when
there is no solution among them. Conversely, if minimum number of lines is n , there is a solution.
Following systematic procedure may help us to draw the minimum set of lines :

1. For simplicity, first make the Table 7-8a again and name it at Table 7-8 b.

2 Table 7.8b
i .
30 0] 35 30 15 J @
j P T 15+ Y overeernoracpenas I 10 X~ i S
30 X 35 30 20 v
Ly 4----4 -[0}-- T D YU S O, —— [ RN S
20 25 15 15 v @

X
N
2. Mark (¥) row 3 and row 5 as they are having no assignments and column 2 as having zeros in the
- marked rows 3 and 5.
3. Mark (V) row / because this row contains assignment in the marked column 2. No further rows or
columns will be required to mark during this procedure.
4, Now start drawing required lines as follows ;
First draw line (L) through marked column 2. Then draw lines(L, and L;) through unmarked rows
(2 and 4) having largest number (2) of uncovered zeros (since no zero is left uncovered, the required

lines willbe (L; , L, and Lj) .
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Step 5. In this step,
(i) first select the smallest element, say x, among all uncovered elements of the Table 7-8b [as a result of
step 4] and :
(ii) then subtract this value x from atl values in the matrix not covered by lines and add x to all those
values that lie at the intersection of any two of the lines L, , L; and L, . (Justification of this rule is

given on the next page).
After applying these two rules, we find x = 15 , and a new matrix is obtained as givenin Table 7.9
Table 7.9
i5 0 20 15 0
15 15 0 10 0
15 0 20 15 s
0 15 20 0 5
5 0 10 0 0

Step 6, Now re-apply the test of Step 3 to obtain the desired solution. Therefore, proceeding exactly in the
same manner as in step 3, obtain the final Table 7-10 .

Table 7-10
15 .| 20 15 [0]
15 15 (o] 10 X
15 [o] 20 15 5
15 20 R 5
20 ] 10 o] [

1t is observed that there are no remaining zeros, and every row (column) has an assignment. Since no two
assignments are in the same column (they cannot be, if the procedure has been correctly followed), the ‘zero
assignment’ is the required solution, o

From original matrix (Table 7-6), the minimum distance assignment is given by

Total Distance

Route A-e B-¢ C-b D-a E-d
Travelled
Distance (Kms.) 200 130 110 50 80 S7T0Kms,

Note. Table7-10 may be obtained very quickly if we first apply Step 2 and then Step 1 in the original Table 14-6 ;

Justification of Rules Used Above in Step 5:

Justification of rules we have used in Step 5 is based on the following two facts :

(i) The relative cost of assigning ith facility to jth job is not changed by the subtraction of a constant
either from a column or from a row of the original effectiveness matrix.

(ii) Anoptimal assignment exists if the total reduced cost of the assignment is zero. This is the case when
the minimum number of lines necessary to cover all zeros is equal to the order of the matrix. If
however, it is less than n further reduction of the effectiveness matrix has to be undertaken.

The underlying logic can be explained with the help of Table 7-8(b) in which only 3 (= n — 2) lines can be

drawn. Here an optimal assignment is not possible. So further reduction is necessary.

Further reduction is made by subtracting the smallest non-zero element 15 from all elements of the matrix

Table 7.8(b). This gives the following matrix : )

L,
ry
15 ~15 20 15 0
| R S SR | SO [ 15 -commmmtmmesnsnan LT [T —
15 ~-I5 20 15 0
I WUON DO 15 emmremnemmem e e S [ T 15 mmmemmmamnnraenne 11 P —
5 - I5 10 0 0
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This matrix contains negativé values. Since the objective is to obtain an assignment with reduced cost of
zero, the negative numbers must be eliminated. This can b€ done by adding 15 to only those rows and columns
which are covered by three lines (Ly, Ly, Ls) as shown above. In doing so the foilowing change is noted.

Ly~ -

LJ—-’ .-

L}
15 (=15+15) 20 15 ° 0
I (0 + 15)---emrpreem [(~ 15+ [5)+ 15]-wefreem (=~ 15 + 1§) sreosepeees (= 15+ 15) = coeen (= 15 + 15)=o}eeee
15 (—15«;»15) 20 15 5 .
i B— (= 15+ 15)-mecfone [(= 15+ 5)+ 15]-menteresemes (5 + 15) —-orercdeene =5+ 15)erenfeens (= 10+ 15)ceeeforn-
5 (-15+15) 10 0 ' 0

This table is exactly the same as Table 7-9. In fact, all this is the result of adding the least non-zero
element at the intersections; and subtracting from all uncovered elements, and leaving the other elements
unchanged.

Q. 1.

a

Show that the procedure of subtracting the minimum elements not covered by any line, from all the uncovered elements
and adding the sama elerment to all the elemants lying at the intersection of two fines results in a matrix with the same
optimal assignments as tha originat matrix. [Meerut M.Sc. (Math.) 92, 90; Jodhpur M.Sc. (Math) 92]

State the assignment problem. Describe a method of drawing minimum number of linas in the context of assignment
problem. Name the method.

Describe any method for solving an assignment problem. [Pelhi B.Sc. (Math.) 93]

7-4.1 Assignment Aigorithm (Hungarian Assignment Method)

Various steps of the computational procedure for obtaining an optimal assignment may be summarized as
follows:

Step 1.
Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

"Step 8.

Subtract the minimum of each row of the effectiveness matrix, from all the elements of the respective

TOWS,

Further, modify the resulting matrix by subtracting the minimum element of each column from all the

elements of the respective columns. Thus obtain the first modified matrix.

Then, draw the minimum number of horizontal and vertical lines to cover all the zeros in the resulting

matrix. Let the minimum number of lines be N. Now there may be two possibilities :

(i) If N=n/ the number of rows (columns) of given matrix, then an optimal assignment can be
made. So make the zero assignment to get the required solution. ’

(ii) If N <'n ,then proceed to step 4.

Determine the smallest element in the matrix, not covered by the N lines. Subtract this minimum

element from all uncovered elements and add the same element at the intersection of horizontal and

vertical lines. Thus, the second modified matrix is obtained.

Again repeat Steps 3 and 4 until minimum number of lines become equal to the number of rows

(columns) of the given matrix i.e, N=n.

(To make zero-assignment). Examine the rows successively until a row-wise exactly single zero is

found, mark this zero by ‘0)’ to make the assignment. Then, mark a cross () over all zeros if lying in

the column of the marked ‘° zero, showing that they cannot be considered for future assignment.

Continue in this manner until all the rows have been examined. Repeat the same procedure for

columns also. '

Repeat the Step 6 successively until one of the following situations arise :

(i) if nounmarked zero is left, then the process ends ; or

(ii) if there lie more than one of the unmarked zeros in any column or row, then mark ‘[T one of the
unmarked zeros arbitrarily and mark a cross in the cells of remaining zeros in its row and column.
Repeat the process until no unmarked zero is left in the matrix.

Thus exactly one marked ‘0J zero in each row and each column of the matrix is obtained. The

assignment corresponding to these marked ‘0" zeros will give the optimal assignment.
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7-4-2 A Rule to Draw Minimum Number of Lines
A very convenient rule of drawing minimum number of lines to cover all the 0’s of the reduced matrix is
given in the follwing steps :
Step 1. Tick (¥) rows that do not have any marked (O ) zero.
Step 2. Tick (V) columns having marked ({J) zeros or otherwise in ticked rows.
Step3. Tick (V) rows having marked 0's in ticked columns.
Step 4. Repeat steps 2 and 3 until the chain of ticking is complete,
Step 5. Draw lines through all unticked rows and ticked columns.
This will give us the minimal system of lines.

Q. 1. Give an algorithm to solve an 'Assignment Problem’, [HGNOU 2001, 98, 97, 96; JAS (Maths) 88)
2. Write a short note on ‘Assignment Problem’. ‘
3. Explain the Humgarian method to sclve an assignment problem. [Mserut (OR) 2003, 02; VTU (BE Mech.) 2002)

7.5 MORE ILLUSTRATIVE EXAMPLES

Example3. Solve the assignment problem represented by the following matrix. (Table 7-11).
[IAS (ﬂlths.)'SG; Moerut (B.Sc,) 90

Table 711

] b c d e f
A 9 2 8 1 19 27
B 4 78 72 ' 50 63 43
c 4 28 9 37 45 33
D 74 42 27 49 9 )
E 6 11 57 2 25 18
F 3 56 53 31 17 28

Solution. Step 1. Subtract the smallest element in each row from every element in that row to get the
reduced matrix. (Table 7-12).

Table 712
0 - 13 49 2 10 18
0 35 29 7 20 5
13 0 63 9 17
47 15 0 22 12 5
25 0 : 46 1) 14 7
0 53 50 28 14 25

Step 2. Subtract the smallest element in each column from every element in that column to get the second
reduced matrix. (Table 7-13)..

Step3. Make the ‘zero-assignments’ in usual manner. Since row 2 and column 5 of Table 7.13 have no
assignments, go to next step.

, Table 713
.| 13 49 i Lo} X 13
] 15 29 5 10 7]
13 1 63 7 7 101
47 15 _Lo] 20 2 ]
25 o] 46 9 4 2
1o} 53 50 - 26 4 20

Stepd4. Draw minimum number of lines to cover all zeros at least once. To do so, first mark (V) row 2 as
having no assignment and columns (1 and 6) as having zeros in row 2, Next, mark (V) the rows (3 and
6) as these two rows contain assignment in the marked columns {1 and 6).
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Now draw lines L, and L, through each marked column (! and 6), respectively. Then draw line L through
unmarked row 1 and line L4 through unmarked column 2 (both having two uncovered zeros). Draw one more
line Ly either through unmarked row 4 or unmarked column 3. This way the minimum set of five lines (which
is less than six) is obtained.

L L. Table 714 L
? A ‘2
Ll‘ ..... ? ...... is ---------- 49. -_Tm ....... n ------ -i:B .
193 365 29 5 10 e RO,
; —
Lygfrereene- - S - T JOUUU SR .@3. ................. *:9 ....... ; : Eg_j N
75 o 46 9 4 3 v Q@
E_g 53 50 26 4 ' 2. N ®
YO v ©® O] |

Step 5. The smallest element among all uncovered elements of Table 7-14 is 4. Subtract this value 4 from all

values in Table 7-14 not covered by lines, and add 4 to all those values that lie at the intersection of the
tinesL,,l,, Ly, Ly and Lg . Thus a new matrix (Table 7-15a) is obtained.

Step 6. Repeating the Step 3, make the ‘zero assignments’ as shown in Table 7-15a .

Table7.158

a b c d e f
A 4 17 49 [0] X 17
B [g] 35 25 1 6 H
o] 13 X 59 3 3 [o]
D 51 19 [l 20 2 4
E 25 [o] 42 5 H 2
F K 53 46 22 [0l 20

Here , it is also important that an assignment problem may have more than one solution. The other solution
is shown in Table 7.15b . -

Table 715 b

a b [ d e f
A 4 17 49 [0] ] 17
B X 35 25 1 6 [0]
C 13 o] 59 3 3 B
D 51 19 (0] 20 2 4
E 25 R 42 5 [0} 2
F [9] 53 46 22 )| 20

These two solutions are :

()A—>d,B—>a,C—>f,D>c,E-»band

F — a. withminimum costz= Rs. 142.
Example 4. (Alternative Solutions). Solve the minimal assignment problem whose effectiveness matrix

Foe;(i)Aod,B>f,CobD—oc,E—eand

isgivenby Table 7-16. {Meerut 2002]
Table7-16
1 2 3 4
2 3 4 5
4 5 6 7
7 8 9 8
3 5 8 4
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Solution. Step 1. For each row in the matrix, subtract the smallest element in the row from each element in
that row to get reduced matrix (Table 7.17)
Step2. For each column in the reduced matrix, subtract the smallest element in the column from each
element of that column to get the second reduced matrix (Table 7-18)

Table7-17 Table 7-18
0 1 2 3 0 0 0 2
0 1 2 3 0 { 0 2
0 1 2 1 0 0 0 0
0 2 5 1 0 § 3 0

Step 3. Since single zeros neither exist in columns nor in rows, it is usually easy to make zero assignments.
While examining rows successively, it is observed that row 4 has two zeros in both the cells (4, 1) and
(4,4). Now, arbitrarily make an experimental assignment (indicated by 0J) to one of these two cells,
say (4,1) and cross other zeros in row 4 2nd column 1. Tables 7-19a, 7-19b and 7-19c show the
necessary steps for reaching the optimal assignment: 1 -2, I — 3,1 -4,IV-— 1.

Table7-19a Table1419b Table7-19¢

1 Ill 2 3 4 2 3 4 1_2 3 4

002 Il ¥x|lofol 2 i 2 [@x] 2

Ly X fo] o] 2 B[ &[0 o] 2 nmy e | % |[6]] 2
m|x|lo/fojo mm| % | x|k |[0] m| A | %] x|

NAIIRRIERR v @1 ]3] x v 113 x

Following other optimal assignments are also possible in this example. '

[—]1.0I—-21-3,IVo54I-5311-52,lli-1,IVo4 (each having the cost 20)

23, 12,024, Vo], 122,11 23, Ml-1,IVo4
Example 5. (A Typical Problem) An air-line operating seven days a week has time-table shown below.
Crews must have a minimum layover (rest) time of 5 hrs between flights. Obtain the pair of flights that
minimizes layover time away from home. For any given pair, the crew will be based at the city that results in
the smaller layover. For each pair, mention the town where the crews should be based.

Delti-Jaipur Jalpur-Delhi
Flight No. Depart . Arrive Flight No. Depart Arrive
1 7T.00AM 8.00A.M. 101 8.00 A.M. 9.15AM.
2 8.00A.M. 9.00A.M. 102 830AM. 945 AM.
3 1.30P.M. 230P.M. 103 12.00Noon 1.1I5PM.
4 6.30P.M. 7.30P.M. 104 5.30P.M. 6.45P.M.

[Meerut (M.Sc. Math) 2002, 99, 98, 96BP]
Solution. Step 1. Construct the table for layover times between flights when crew is based at Delhi. For
simplicity, consider 15 minutes = 1 unit,
Table 7-20 . Layover times when crew based at Delhi

Flights
101 102 103 104

i % 98 112 38

Flights 2 92 7 108 34
3 70 72 86 108

4 50 52 . 66 88

Since the crew have a minimum layover of 5 hrs between flights, the layover time between flights 1 and
101 will be 24 hrs (96 units) from 8.00 A. M. to 8.00 A.M. next day.
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Likewise, calculate as follows :

Flight No. Layover Times No. of Units (1 hr. = 4 units)
15102 SAM.-8.30 AM. = 24 hrs 30 min 98
1-103 SAM-12Noon = B Ars 112
1104 8AM.-530 PM. =9 brs 3 min k!
25101 S.00AM. -8AM. = 23hrs 922
and so on.

Similarly, layover times for other pair of flights can also be calculated as shown in Table 7.20.
Step 2. Similarly, construct the table for layover times between flights when crew is based at Jaipur.
Table 7-21. Layover times when crew based at Jalpur

Flights —
i 101 102 103 104
1 87 85 71 49
2 91 9 75 53
3 113 " 97 75
4 37 35 21 95

Since the plane arrives Delhi at 9-15 A.M. by flight number 101 and again depart to Jaipur at 7-00 A.M. by
flight number 1, the layover time is obviously 21 hrs 45 min (i.e.. 87 units). Similarly, layover times between
other pairs of flight can also be computed as shown in Table 7-21 .

Step 3. Construct the table for smaller layover times between flights with the help of Tables 720 and 7-21.
Layover times marked‘*’ denote that the crew is based at Jaipur. Thus Table 7-22 is obtained.
. Tabls 7-22. Smaller layover times
101 102 103 104

1 87+ 85+ 71* 38

2 91* 89+ 75% 34

3 70 ‘ 72 86 750

4 37 35 21* 88
Stepd. Finally applying the assignment technique in the usual manner, we get the Table 723 .

Table. 7.23
101 102 103 104

] 4* * X [0% X
2 12° 8 g |
3 (ol H 28 50*
4 4 [0°] [y 100

From Table 7-23 the optimal assignments are : (3 — 101), (4 — 102)* , (1 - 103)*, (2 - 104)
which gives the minimum layover time of 52 hr, 30 min.

Example 6. A certain equipment needs five repair jobs which have to be assigned to five machines. The
estimated time (in hours) that each mechanic requires to complete the repair job is given in the following

table :

Job g Ja 5 Ju Js
Machine
M, 7 5 9 8 11
M, 9 12 7 11 10
My 8 5 4 6
My 7 3 6 9
My 4 6 7 5 11

Assuming that each mechanic can be assigned to only one job, determine the minimum time assignment.
' {Rajasthan (M. Com.) 97)
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Solution. Step 1. Subtracting the smallest element of each row from all the elements of that row and then
subtracting the smallest element of each column from all the elements of that column, we get the reduced
matrix as shown in Table 7.24 and Table 7.25 respectively.

Table7.24 Table 7.25
Job g 52 ¥ A Js Job 4 1z 2y Ja Js
Machine Machine

M) 2 0 4 3 & M 2 0 4 2 4
M,y 2 5 0 4 3 M3 2 5 L 0 3 1
M; 4 1 0 2 5 My 4 1 0 1 3
My 4 0 3 6 2 My 4 0 3 5 0
Ms 0 2 3 1 7 Ms 0 2 3 0 5

Step 2. Now we attempt to make a complete set of assignments using only a single zero element in each
row or column. Since row M| contains only single zero, the assignment is made in the cell (M,, J>) and the zero
appearing in the corresponding column J, is crossed out. Similarly, the assignment is made in the cell (M», J3)
and the zero appearing in the corresponding column Jy is crossed out. Now row M, has only single zero,
therefore the assignment is made in cell (M, , Js). Since there are two zeros in row Ms, we cannot make
assignment in this row Ms . Looking columnwise, we find that column J; has only single zero, therefore we
make an assignment in cell (Ms , J|) and cross out the zero appearing in the corresponding row Ms. The
assignmenis so made are shown in Table 7.26.

Table 7.26
Job J,

Machine ! ) o i g
M, 2 @] 4 2 4
M, 2 5 5] 3 1
M, 4 1 | 1 3
M, 4 ] 3 5 [0]
M (o] 2 3 ;| 5

Thus, it is possible to make only four of the five necessary assignments using the zero element position.
We, therefore, create one more zero element by drawing the minimum number of horizontal and vertical lines.
Usually the minimum number of lines to cover all the zeros can be obtained by inspection. However, we shall
use the method given earlier in explaining the various steps. The various steps for drawing the minimum
number of lines are : '

(a) Mark the row M, which has no assignment,

{b) Mark column J; which has zero in the marked row M.

(c) Mark row M, which has assignment in marked column /5 ,

(d) Repeat steps (a) and (b) until no more rows or columns can be marked.

{e) Draw the lines through unmarked rows and marked columns.

The minimum number of lines drawn are shown in Table 7.27. It must be checked that the number of lines
drawn are equal to the number of assignments made. But we require five assignments. To create one more

zero, we examine the elements not covered by these lines and select the smallest element, viz., 1 from among
these uncovered lines. ‘

Table 7.27
Machine Job J] Jz -{3 J4 Js
MI_ R, R — [0]--emeemmerems - Q ereeramcarereenasmeens vmerredonasans »
M, 2 5 o 3 1
M, 4 1 B 1 k)
M, wrer f nmrmreensmarensucens ) (S —— 3 ..................... § sencnmnnammensmanens .@. ............... >
M; .-.@ ...... reverennennanns] IS [ JT T b Y SO S »
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Subtract this smallest element 1
from all the uncovered elements and
add it to the element where the two
lines intersect. The reduced matrix
so obtained is shown in adjoining
Table 7.28. Proceeding in the usual
way, the set of assignments made
are shown in Table 7.28.

The optimum solution is :
Assign Job
M,
M
My
My
Ms
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Table 7,28
Machine Job J 5 J Ji J
M 2 [o] 5. 2 4
M, ! 4 fo] 2 R/
M, 2 X A [q 2,
M, 4 | 4 5 @
M, o} 2 4 H 5
To Machine Cost (Rs.)
1 5
5 7
Ja 6
“Js 5
4 4

Minimum total cost = Rs. 27

Example 7. ABC company is engaged in manufacturing 5-brands of packed snaks. It is having five
manufacturing setups, each capable of manufacturing any of its brands, one at a time. The cost to make a
brand on these setups vary a¢cording to the following table ;

5 52 $3 Sa Ss
B 4 6 7 5 1
B, 7 3 6 9 5
By 8 4 6
By 9 12 ? 1 10
By 7 5 9 8 11

Assuming, five setups are 8y, 53,83, S, and S5 and five brands are By, B,, By, By and Bs. Find the
optimum assignment of products on these setups resulting in the mininfrur: I:(';Szt's (C.A. Nov., 58}

N ) -__I8 -

Solution. Step I : Select the _ 5 5 5 Sa 55
minimum element in each row B ] 2 3 1 7
and substract this clement from B 4 0 3 6 2
every element in the row to get B 4 1 0 2 5
table 7.29. B, 2 5 0 4 3

Bs 2 0 4 3 6
. Table 7.30

Step 2 : Select the minimum 5 52 53 54 Ss
element  in each column and By 0 2 3 0 5
subtract this element from every B 4 0 3 5 0
element in the column (O get the B 4 1 0 1 3
table 7.30. B, ’ 5 0 3 ;

By 2 0 4 2 4
Table 7.31

Step 3 : We can attempt to make a complete set of S 5 S, S, 8,
assignments using only a single zero element in each row or 3 T 2 3 - s
each column. Since row Bs contains a single zero, thus the Bl 4 X 3 p @]
assignment is (Bs — S;). The other zero appearing in column E: 4 1 " 1 3
§, is crossed out. Similarly the other assignments are made.| g, 2 5 (6] 3 1
Only four assignments can be made at this stage. B 2 [o] 4 2 4
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Table 7.32

Step 4 : Since only four assignments could be made
hence one more zero element need to be created by drawing
the minimum number of horizontal and vertical lines. Mark -1-8y=1-{QF---r2-eeeesee S S i b
the row By which has no assignment. Mark column §; which -84 Qeeees E Semeneees N i

has a zero in the marked row Bs, Mark row B, whichhas | & | 4 1 ® 1
assignment in marked column §3. Draw the lines through | B‘ 2 > @ 3
unmarked rows and marked columns to get table 7.32.

Step 5 : To get number of lines drawn (i.e., 4) equal to 5 5 S5 S Ss
number of assignments to be made (i.e., 5), we still nced one B, [0
4
3
1
2

- more line. To create one more zero, the elements not covered B,
" by these lines are examined and smallest among them is
selected which is ‘1°, Subtract this smallest element from B
every uncovered clements and add it to the element where B4
the horizontal and vertical lines intersect to get the Table 7.33. Bs

The optimum assignment is :
Assign Brand : Tosetup Cost(Rs.)
B 54 4
B; Ss 5
By 5 6
7
5

Minimum totat cost = Rs. 27

B, 5
Bs 5
Alternative solution after Step 2 :

Table 7.34
Step 3 : Draw the minimum number of lines to 5 5 s, S, S,
cover all zeros as shown in adjoining Table 7.34. 3
|

0

4

B, 4
B, 2
2

Step 4 : Since the minimurn number of lines to
cover all zeros is 4 which is one less than the order of §i 5: 5 S S5
the matrix (= 5), the above table will not give the B e ) =
optimum solution. Subtract the minimum uncovered B, 4

k)
|
1

element (= 1) from all uncovered elements and add it B,
to the elements lying at the intersection of two lines
to get Table 7.35.

1 Rl »

4 0

4 5 0
......... | JENCTY, S ?. »

0 wereeene 2 0

4 |  J— ~

Step 5 : The minimum number of lines to cover all zeros is 5 which is equal to the order of the matrix. The
above table will give the optimum assignment as shown in Table 7.35.

Example 8. Five men are available to do five different jobs. From past records, the time (in hours) that
each man takes to do each job is known and given in the following table :
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: Job

1 1l [l v v

A 2 9 2 1 1

B 6 8 7 6 1

Man C 4 6 5 3 1

D 4 2 7 3 1

E 5 3 9 5 1

Find the assignment of men to jobs that will minimize the total time taken. _
{A.LM.A. (P.G. Dip. In Management) Dec. 95)

Solution. Step I : Subtracting
the smallest clement of each row
from every element of the
corresponding row, we get the
adjoining reduced matrix (Table
7.36).

Step 2 : Subtract the smallest
element of each column from

every clement of the

corresponding column to get the
adjoining reduced matrix (Table
71.37.
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Table 7.36
Job I n m w v
Man
A 1 8 1 6 0
B 5 7 6 5 0
T 3 5 4 2 0
- D 3 1 6 2 0
E 4 2 8 4 0
Table 7.37
Job 1 i m v v
Man
A 0 7 0 4 0
B 4 6 5 3 0
c 2 4 3 0 0
D 2 0 5 0 0
E 3 1 -7 2 0

Step 3 : Row 2 has a single zero in column 5. Make an assignment by putting square @ around it, and

delete the other zeros in column 5 by marking X .
Now, column 4 has a single zero in row 3. We make

zeros which is not yet crossed. Column 2 has a sin %‘l:b z'f:_;oalan row 4, we make an assignment.

an assignment by putting (()) and cross the other

Man Job

11

1

v

1
(o]
3
2
2
2

moOow»>

7
5
4

(o]
)

oW b

4
2
(o]
) |
1

v
1
(ol
!
t
H

It may be noted that there are no remaining zeros, and row E and column /17 has no assignment. Thus, the

optimum solution is not reached at this stage and we proceed to th
Step 4 : Draw the minimum number of horizontal and vertic
once. The following systematic procedure
(i) For simplicity, first make the table 7.39, again.

¢ following important steps.
al lines necessary to cover all zeros at least
may help to draw the minimum set of lines :

Tabla 7.39
Man Job I It m v v
A | L0]-eeereemerereneennes Frrmrmmsunmmoeressensass - (RO N PO >
B 4 6 5 3 1] v
c B L I E B Jreenmarenrroamssencs @. .................... * ............... ’J
D ..........2............-.......'. ..................... y Jonu- £ ...* »
E 3 1 7 2 |
vy
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(ii) Secondly, mark (V) row 5 in which there is no assignment, i.e., the last row.

(iit) Then mark (V) column 5, which has a zero in the marked row.

(iv) Next mark (V) row 2, which has assignment in the marked column. 7

(v) Draw the minimum number of lines covering the unmarked rows and the marked columns.

Step 5 : Examine the elements that do not have a line through them. Select the smallest of these and
subtract it from all the elements that do not have a line through them. Add this element to every element lying
at the intersection of two lines. Leave the remaining ‘j,l_lell:lj.e;:t‘so of the matrix unchanged.

a .

Man Job I 1 11 v

o]
3
2
2

w~ —~f]-{<

mgoaOow»
W b

7 4
5 2
4 ]
(o] H
x 1

2

Step 6 : Repeat the steps to obtain optimum solution.
Table 7.41

n I v

\

Thus in Table 7.41, there are |Man Job
no remaining zeros, and every
row and column has assignment,
optimum solution is reached.

Hence the minimum time taken
=2+1+4+3+3 = 13 hours.

1
)
1

(o]
o

.|

- = o] w| <

mgogaow»

@Hhmw

w
0
=)

Example 9. An automobile dealer wishes to put four Job | A
repairmen to four different jobs. The repairmen have
somewhat different kinds of skills and they exhibit different
levels of efficiency from one job to another. The dealer has
estimated the number of manhours that would be required
Jor each job-man combination. This is given in the matrix
Jform in adjacent table : .

Find the optimum assignment that will result in minimum manhours needed. {Madras (M. Com.) 98)

: Table 7.42

Solution. Steps 1. Subtracting the smallest Job A B C D
element of each row from all the elements of that Man
row and then in the second matrix subtracting the
smallest ¢lement of each column from all the
elements of that column, the initial feasible solution
determined by zeros is obtained.

I
[V Q- RPN T
~ D W
N e
8 w1 o o®

o N
0N W
-
No—=O o
(==

Steps 2. We now examine each row [F="""75p
successively for a single zero. Enrectangling these
zeros and crossing (x) all the remaining zeros in the 1
respective columns and then repeating same 2

3

rocedure for each column, the adjacent Table 7.43

15 obtained. | 4 %] 5 5

But still optimum assignment is not reached, since no zero has been marked in the second row and fourth
column.

Steps 3. We now draw the minimum number of horizontal and vertical lines necessary to cover all zeros at
least once. This has been obtained in Table 7.44. Select the smallest element not covered by the lines (i.e., 1)
and subtract it from all the elements not covered by the lines and add the same to the clements at the
intersection of the lines. We thus obtain Table 7.45 providing the second feasible solution to the problem.

- m [l o
m— w|o
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Table 7.44 Tabla 7.45
Man—Job] A B C Man—dob| A B C D
1 3 1 (6] 3 1 2 0 0 2
2 5 X ! 2 4 6 0 0
3 S S [Q] e j rennenaes ) G 5 O 3 2 0 2 0
3 SNy P C— 2 oeeeennns H--+4-»L; 4 0 2 3 0
Ly

Step 4 Repeating step 2, we make the ‘zero-assignments’ as shown in the Table 7.46 a. It may be noted
t7hz:$ a;l assignment problem can have more than one optimum solution. The other solution is shown in Table

Table7.46a
Optimum solution I
Job
Man A B C D Man Job  Manhours
1 2 [@] LS 2 i B 3
§ ; 6 fo] A 2 c 2
B 2 (o] 3 D 7
4 [0} 2 3 X 4 A 5
Table7.46b
Job : Optimum solution Il
Man A B c D Man Job Man hours
1 2 H I3; 2 1 c - 2
2 4 6 B o 2 D 6
3 2 fo] 2 H 3 B 4
4 ol 2 3 | 4 A ‘ s

Example 10. A private firm employs typists on hourly piece rate basis for their daily work. Five typists are
working in that firm and their charges and speeds are different. On the basis of some earlier understanding,
only one job is given to one typist and the typist is paid for full hours even when he or she works for a fraction
of an hour. Find the least cost allocation for the following data :

Typist Rate per hour {Rs.} Number of pages Job No. of pages
typed prr hr.
A 5 12 P 199
B 6 14 Q 175
C 3 8 R 145
D 4 10 8 298
E 4 11 T 178
[C.A., (Nov.) 96; Delhi (M.B.A.) Nov. 96]

Solution. ‘

Step 1. The following matrix gives the cost Steps 2. Subtracting the minimum element of
incurred if the ith typist (i=A4, B.C.D,E) each row from all its elements in turn, the
executes thejthjob (=P, Q. R, 5, T). adjoining matrix reduces to:

Tahle7.47 Table 7.48
Job| P o R~ 5 T b P o) R s T
Typist Typist

A 85 75 65 125 75 A 20 10 0 60 10
B 90 78 66 132 78 B 24 12 0 66 12
c 75 66 57 114 69 C 18 9 0 57 12
D 80 n 60 120 72 D 20 12 0 60 12
E 76 64 56 12 63 E 20 8 0 56 12
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Table 7.49
: Job
Now  subtract the |IYPist F e f § T
minimum element of cach A e 2 2eremsenreen Qe Y R O-eeeefp
column from all its elements, B 6 4 0 ()] 2
in tum, the above matrix c |- ) YO | [ [ T
reduces to D 2 4 0 4 2
E | e LT | S (:) .............. | Jrre—— p R >
v Tabie 7.50
Step 3. Since there arc only 4 lines (<5) to  [ryprr—JoP P o R s T
cover all zeros, optimum assignment cannot be A 3 2 3 P é
made. The minimum uncovered element is 2. We, B i 2 > 8 o
therefore subtract the minimum uncovered element p & ; } 1 !
‘2’ from all uncovered elements, add this value to D 3 2 3 3
all junction values and leave the other elements E lu | S o- ] 2 i
undisturbed, as shown in the adjoining matrix; — — % """ i e L
Table 7.51
Step 4. Since the minimum number of Typrer—~30b| P Fe) R ) T
lines required to cover all the zeros is only A 2 " 3 3 t
A : 0
4 (< 5), optimum assignment cannot be made B 4 1 S 7 o
at this stage also. The minimum uncovered I 0 eeeraenen (Y SO SS S
element is 1. Repeating the usual procedure D eee Qrennmran | eoeeerm B, Lveeeen 6':
again, we get the adjoining matrix : . . 3eeeene P | S N i
.............. Leeaip
Vv — ——
Step 5. Since the minimum number of lines to cover all zeros is equal to 5, this matrix will give optimum
solution. The optimum ass_i_gnment is made in the matrix given below :
able 7.52
Typis Job P o F s T Typist Job Cost (Rs.)
A 2 1 2 3 (o] A - T — 75
B 4 1 [0] 7 H B - R - 66
c X fo} 2 K 2 c - 1) — 66
D fo] i X 1 ) D - P — 80
E 3 ). | 3 o] 3 E - Ky — 112
Tawl  Rs 399
Remark. It may be noted that the above solution is not unigue as a alternate optimum solution also exists.
EXAMINATION PROBLEMS
1. Solve the following assignment problems
(a) Man (b) Jobs
1 2 3 4 1 1 113 v
1 [ 12 30 31 IS A0 12 9 1
Work I 18 33 9 k) | Operators B 5 10° 7 8
mj 44 25 24 21 Ci 12 14 13 1
v| 23 36 28 14 _ D| 8 15 il 9 :
[Ans. @l-1,11-3,1 —+2,IV-54 mincost=860;(b)A = Il +Ba1,Col, D>V mincost=37
2. Solve the following cost-minimizing problems :
(a) Jobs (b)
1 I m wv v I__ Il m vy
A[45 30 65 40 5 Al 279 2 7 1
B| 5 -3 25 60 30 B| 6 8 7 6 |
Cl25 2 15 20 & Machines C| 4 6 5 3 1
Dl 3 25 30 30 20 D| 4 2 7 3 1
E[80 60 60 70 50 E[ 5 3 9 5 ]

[Delhi B.Sc. (Maths.} 90]
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(c) Jobs
I 1l im v v
A 11 10 18 5 - 9
B 14 . 13 12 1Y 6
Machines C 5 3 4 2 4
D 15 18 a7 9 12
E 10 i1 19 6 14

[Delhi B.Sc. (Maths.) 93, 89)
[Ans. (8 A->I,BoaV ,Co|, DIV E=IY or A->ll, BV, CoaV,D3],ESI) or
) (A-II,BV,CH IV, DoIl,E=1), mincost=13. .
(b)-(A_—)II.B—»III;C-)I.D—>IV.E—>V) o (AsIL,B-ol,C—IV,D— ], E— V), mincost= 160
) ASII,BSV,Colil,D>IV,E—1,and min cost = 39]
Ateam of 5 horses and 5 riders has entered a jumping show contest. The number of penalty points to be expected whan
each rider rides any horse is shown below :

Horses Riders +
R, Ry Ry Rs Rs
H, 5 3 4 7 1
H; 2 3 7 6 5
Hs 4 1 5 2 4
Hy 6 8 1 2 3
Hy 4 2 5 7 1

How should the horses be alloted to the riders so as to minimize the expected loss of the team.
[Al‘ll. Hy —)Rs.Ha—)Hq .H3-)H4, H‘--)Hg,Hs-—) Rg;mln.loss=8.]

A company has six jobs to be done on six machines; any job can be done on any machine. The fime in hours taken by the
machines for tha different jobs are as given below. Assign the machines to jobs so as to minimize the total machine
hours. )

Machines Jobs

1 2 3 4 5 6
1 2 6 7 3 8 7
2 6 [ 3 9 7 3
3 3 6 h) 7 3 s
4 2 2 7 8 4 ]
5 4 9 6 8 7 6
6 7 5 5 7 7 5

{Delhi B.Sc. (Math.) 91]
[Ans. 194,2-52,395,4-51,593,6—-6 or 1-4,292,355,451,526,6-30r
194,292,355,422,551,6-6;mntime=20hrs.]
A small aeroplane company, operating seven days a week serves three cities A, B, and C according to the schedule
shown in the following table.The |ayover cost per stop is roughly proprotional to the square of the layover time. How
should planes ba assigned to the flights so as to minimize the total layover cost ?

Flight No. and Index From Departure To Arrival
AB A 09 AM B Noon
AzB A 10AM B o1 PM
A3;B A 03 PM B 06 PM
AL A 08 PM C Mid. Night
AsC A 10PM C 02 AM
BjA B 04 AM A 07 AM
B;A B 11 AM A 02 FM
BjA B 03 PM A 06 PM
CA c 07 AM A 1AM
CA C 03 PM A 07 PM

[Agra 98]
[Ans. Flight No : 1 2 3 4 5
Departure Route : A1B AB AsB CiA CzA

Arrival Route : BsA B4A BoA A AsC]
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6. A trip from Madurai to Trivandrum takes 6 hours by bus. A typical time-table of bus sarvices in both diractions is given

below .
Madurai-Trivendrum Trivandrum-Madurai
Route No. Depart Armive Route No Depart Arrive
a 06-00 12:00 1 05-30 11-30
b 0730 i3:30 2 T 09-00 15-00
c a 1130 17-30 3 1500 21-00
d 19-00 01-00 4 1830 . 00-30
€ 00-30 0630 5 00:00 06-00

The cost of providing this service by the transport company depends upon the time spent by tha bus crew (driver and
conductor) away from their places in addition to service times. There are five crews. Thera is a constraint that every crew
should be provided with 4 hours of rest before return trip again and should not wait for more them 24 hours for the return
trip. The company has residential facilities for the crew at Madurai as well as at Trivendrum, Obtain the pairing of routes

50 as to minimize the cost. [VTU {(BE Mech.) 2002; Madurai 93]

[Ans. Crew : 1 2 3 4 5
Residence : Madural Trivendrum Trivendrum Madural Trivendrum
Service No. : di 2e da b4 5c
Waiting Tirmna (hrs}: 4.5 95 9.0 50 55

Minimum total waiting time = 33-30 hours.]

7.6 UNBALANCED ASSIGNMENT PROBLEM

If the cost matrix of an assignment problem is not a square matrix (number of sources is not equal to the
number of destinations), the assignment problem is called as Unbalanced Assignment Problem. In such cases,
Jictitious rows andfor columns with zero costs are added in the matrix so as to form a square matrix. Then the
usual assignment algorithm can be applied to this resulting balanced problem.

Q. Whatis an t_:flbalanced assignment problem ? - [IGNQU 2001, 99, 97, 96]

Example 11. A company is faced with the problem of assigning six different machines to five different

Jjobs. The costs are estimated as follows (in hundreds of rupees}) .

Machines

Table 7-53
~ Jobs
1 2 3 4 5

1 25 3.0 1.0 6 1.0
2 2.0 50 1.5 7 3.0
3 30 6.5 2.0 8 3.0
4 k1 7.0 2.0 9 45
5 4.0 7.0 30 9 6.0
6 6.0 9.0 5.0 10 6.0

Solve the problem assuming that the objective is to minimize the total cost. .
Solution. Introducing one more column for a fictitious job (say, job 6) in the cost matrix in order to get

the following balanced assignment problem. The cost corresponding to sixth column are always taken as zero.

Machines

Table 7-54
Jobs
1 2 3 4 5 6 {Dummy)
] 2.5 50 1-0 6 1-0 0
2 2.0 50 i-5 7 30 0
3 30 65 ] 20 8 30 o
4 35 7.0 20 9 4.5 0
5 40 7.0 3.0 9 6-0 0
6 60 9-0 50 10 &0 0

Since the problem can be solved as in usual practice, there is no need to give the detailed solution here,

because it has already been explained earlier.

Example 12. A Methods Engineer wants to assign four new methods to three work centres. The

assignment of the new methods will increase production and they are given below. If only one method can be
assigned to a work centre, determine the optimum assignment :
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Increase in production (unit)

Work centres
A B c
| 10 7 8
Methods | 2 8 9 7
3 7 12 6
4 10 10 : 8
Table 7.55
Solution. The given problem is of maximization Work
type, since the elements of the given matrix relate to gentre | A B c Dummy
increase in production of units due to introduction of Method
new methods. First of all, convert it into minimization l 2 5 4
problem by subtracting each element of the given 2 4 3 5
matrix from maximum element 12. Since the problem 3 5 0 6
is unbalanced one, introduce a dummy work centre. 4 5 ) 4
0%
Table 7.56
Work .
centre A B C Dummy
Method
1 0 5 0 0
Subtracting the smallest element of each column 2 2 3 ] 0
from all elements of that column, we get the adjoining 3 3 o 0
Table 7.56.
4 0 0 0
Table 7.57
] -
centre A B C Dummy
Method
Since the minimum number of horizontal and vertical I (o] 5 0 0
lines to cover up all zeros is 4, the reduced matrix will 3 2 1 1 (0]
give the optimum solution.
3 3 [9] 2 0
4 0 2 [0] 0

The allocations as obtained from the above process are 1 — A, 2 — Dummy, 3 — B,4 — C. The total
production under the above assignment is :
- 10 units + 12 units + 8 unit = 30 units.
Example 13. A city corporation has decided to carry out road repairs on main four arteries of the city.
The government has agreed to make a special grant of Rs. 50 lakhs towards the cost with a condition that the
repairs must be done at the lowest cost and quickest time. If conditions warrant, then a supplementary token
grant will also be considered favourably. The corporation has floated tenders and 5 contractors have sent in

their bids. In order to expedite work, one road will be awarded to only one contractor.
Caost of repairs (Rs. lakhs)

R Ry R R
(o 9 14 19 15
Cz 7 17 20 19
Contractors/Road C3 9 13 21 18
Cq 10 12 ' 18 19
Cs 0 15 21 16
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(i) Find the best way of assigning the repair work to the contractors and the costs.

(i) If it is necessary to seek supplementary grants, then what should be amount sought ?

(iii) Which of the five contractors will be unsuccessful in his bid ?

Solution. Since this is an assignment problem with 5 contractors and 4 roads, a dummy road ‘Rs’ with
zero cost of repairing for each contractor is introduced to make the problem balanced.

Step I (a) Row subtraction o Step I (b) Column subtraction
. Road R| R1 R3 R4 Rs Road R| .Rg .R; R4 R5
Contractors Contractors '
G 9 14 19 15 0 c 2 2 1 0 0
[ 7 17 20 19 0 (o 0 5 2 4 0
Cs 9 18 21 18 0 G 2 6 3 3 0
C 10 12 18 19 0 Cs 3 .0 0 4 0
Cs 10 15 21 16 0 Cs 3 3 3 1 0
Step 2. Draw minimum straight 2 2 } & —»
lines to cover all zeros. & 5 2 + —
2 6 3 3
3 6 ' + ——p
3 3 3 1
Step 3. Smallest uncovered 2 2 1 0 !
number is then subtracted from 0 ] 2 4 1
uncovered numbers added to i 5 2 2 0
numbers at intersection of two lines.
3 0 1] 4 1
2 2 2 0 0
Step 4, Return to step 2. cover all I ! 0 0 l
zeros, since the number of lines is 4, 0 5 2 3 2
the optimality criteria is not satisfied. 0 4 1 2 0
3 0 0 5 2
1 1 I 0 0
Step 5. Return to step 3. All rows ! 1 (o] B . i
and columns have single allocation (o] 5 2 5 2
and hence optimality criteria is | 4 1 2 [0]
satisfied. 3 [o} " 5 2
Thus nllotments are as foHows 1 ! 1 [0] M

7 12 19 - 1 0
OR— G, Ry > Cy. Ry » C) , Ry— Cs, Rs—— (3, Total cost = Rs. 54 lacs
(ii) Since cost exceeds 50 lacs, the excess amount of Rs. 4 (54 — 50) lacs is to be sought as supplimentary

grant.
(ii1) Contractor Cy who has been assigned the dummy row (Road Rs) loses out in the bid.

EXAMINATION PROBLEMES
Q. 1. Acompany has 4 machines on which to do 3 jobs. Each job can be assigned 1o one and only cne machine. The cost of
each job on each machine is given in the following table :
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3.

4.

6.

Machine
W X Y Z
A 18 24 28 32
Job B 8 i3 17 9
C ' 10 15 19 22
What are the job assignments which will minimize the cost ? [Gauhati {(M.C.A.) 92]

[Ans. AW ., BoX, C=Y ;orA-sW B-oY, K C— X;mincost="50]

In a machine shop, a supervisor wishes to assign five jobis among six machines. Any one of the jobs can ba processed
complately by any one of the machines as given below :

Machine

A B C D E F

1 13 13 16 23 19 - 9

2 11 19 26 16 i7 18

Job 3 12 11 4 g 6 10

4 7 15 - 9 14 14 13

5 9 i3 12 8 14 11
The assignment of jobs to machines be on a one-to-one basls. Assign the jobs to machines so that the total cost is
minimum. Find the minimum total cost. 4 [ILA.S. (Maths.} 98]

[Ang. 1+ F,23A,32E 4—-C.5-0,min cost =43 ]

A department head has six jobs and five subordinates. The subordinates differ in their efficiency and the tasks differ in
thelir intrinsic difficuity. The department head estimates the time each man would take to perform each task as given in
the effectiveness matrix balow :

Task
A B C D E F
{ 20 15 26 40 32 12
2 15 32 46 26 28 - 20
Man 3 1 15 2 X 12 6 - 14
4 8 ’ 24 12 22. 22 20
5 12 20 18 10 22 15

Only one task can be assigned to ona man. Datarmine how should the jobs be aliocated so as to minimize the total man
hours. Find the minimum total man hours.

[Ans. 15 F,29A 395E43C53D;0r1 5B,22F,395C,45A,5-D;mintime=55hrs ]

A truck company on a particular day has 5 trucks for sending material to 6 terminals. The cost of sending material from
some destination to different trucks will be different as given by the cost matrix below. Find the assignment of 4 trucks to
4 terminals out of six at the minimum cost. .

Trucks
A B C D E
1 3 6 2 6 5
2 7 1 4 4 7
Terminals 3 3 8 5 8 3
4 6 4 3 7 4
5 5 2 4 3 2
6 5 7 6 2 5
[Ans. 1 =€, 29B,32A 6> D; mincost=8j
Solve the following unbalanced assignment problem of minimizing total time for doing all the jobs :
Job
1 2 3 4 5
1 6 2 5 2 6
2 2 5 8 7 7
Operator 3 7 8 6 9 8
4 6 2 3 4 5
5 9 3 8 9 7
6 4 7 4 6 3

[Ans.1 > 4,2 5 1, 3 - dummy 6, 4-5,5-2, 6 — 3, min. ime = 16 units]

To stimulate interest and provide an atmosphers for intellectual discussion a finance faculty in a management school
decides to hold special seminars on four contemporary topics—easing, portiolio managemant, private mutual funds,
swaps and options. Such seminars should be hold once per week in the afterncons. However, scheduling these
seminars {ona for each topic, and not more than one seminar per afterncon) has to be done carefully so that tha number
of students unable to attend is kept to a minimum. A careful study indicates that the number of students who cannot
attend a particular seminar on a specific day is as follows :
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Leasing Portfolio management | Private Mutual funds Swaps and options
Monday 50 L 60 20
Tuesday 40 30 4} 30
Wednesday 60 20 30 20
Thursday 30 30 20 30
Friday 10 20 10 30
Find an optimal schedula of the seminars. Also find-out the total number of students who will be missing at Isast one
seminar. [C.A. (Nov.) 92]
[Ans. Optimal Schedule : No. of Students Missing
Monday : Swaps and options : 20
Tuesday : No. seminar 0
Wednesday : Partfolio management - 20
Thursday : Private mutual funds 20
Friday :Leasing 10
Total _ 70

7.7 VARIATIONS IN THE ASSIGNMENT PROBLEM

In this section, we shall discuss two variations of the assignment problem.

7-7-1 The Maximal Assignment Problem .

Sometimes, the assignment problem deals with the maximization of an objective function rather than to
minimize it. For example, it may be required to assign persons td jobs in such a way that the expected profit is
maximum. Such problem may be solved casily by first converting it to a minimization problem and then
applying the usual procedure of assignment algorithm. This conversion can be very easily done by subtracting
from the highest element, all the clements of the given profit matrix; or equivalently, by placing minus-sign
before each element of the profit-matrix in order to make it cost-matrix.

Q. 1. When in an assignment problem, the objective function is of maximization instead of minimization, what modifications
are nseded in the assignment algorithm to achiave this maximal assignment ?

2. What other variations of an assignment problem ara possible ?
3. How can you maximize an objective function in the assignment problem.

Following examples will make the procedure clear.

Example 7. (Maximization Problem). A company has 5 jobs to be done. The following matrix shows the
return in rupees on assigning ith (i =1, 2, 3, 4, 5) machine to the jth job (j = A, B, C, D, E) . Assign the five
Jobs to the five muchines so as to maximize the total expected profit.

Jobs
A B ) C D E
| 5 11 10 12 4
2 2 4 [ 3 5
Machines 3 3 12 5 14 6
4 6 14 4 11 7
5 7 9 8 12 5

[Kerala B.Sc. (Math.} 80}
Solution. Step 1. Converting from Maximization to Minimization : .
. Since the highest element is 14, so subtracting all the elements from 14, the following reduced cost
(opportunity loss of maximum profit) matrix is obtained, '

" 3 4 2 10
12 10 8 11 9
11 2 9 0 8
8 [} 10 3 7
7 5 6 2 2
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Step 2. Now following the usual procedure of solving an assignment problem, an optimal assignment is obtained in the following

table :
1 | (o] B 5
)| 13 H 5 (o]
5 1 7 (o] 5
3 (o] 9 4 5
[¢] 3 3 1 5

This table gives the optimum assignmentas: 1 - C,2—2E,35D,4—5B,52A;
with maximum profit of Rs. 50.
Example 15. (Maximization Problem). A company has four territories open, and four salesmen
available for assignment. The territories are not equally rich in their sales potential ; it is estimated that a
typical salesman operating in each territory would bring in the following annual sales :

Territory T | I 11 v
Annual sales (Rs.) : 60,000 . 50,000 40,000 30,000
Four salesmen are also considered to differ in their ability : it is estimated that, working under the same
conditions, their yearly sales would be proportionately as follows :
Salesman : A B C D
Proportion : 7 5 5 4
If the criterion is maximum expected total sales, then intuitive answer is to assign the best salesman to the
richest territory, the next best salesman to the second richest, and so on. Verify this answer by the assignment
technique. [Meerut 2004; VTU (BE Comp. Sc¢.) Aug. 2002]
Solution. Step 1. To construct the effectiveness matrix :
In order to avoid the fractional values of annnual sales of each salesman in each territory, it will be rather
convenient to consider the sales for 21 years (the sum of proportions : 7+ 5 + 5 +4 = 21), taking Rs.
10,000 as one unit. Divide the individual sales in each territory by 21, if the annual sales by salesman are
required.
Thus, the sales matrix for maximization is obtained as follows :

Table 7.58
Salesin 10 thousaiid of rupees 6 5 4 3
Sales proportion | I n mn v
TA 42 15 28 21
5B 30 25 20 i5
5C 30 25 20 18
4D 24 20 16 12

Step2. (To convert ‘the maximum sales matrix’ to ‘minimum sales matrix’.)
The problem of ‘maximization’ can be converted to ‘minimization’ one, by simply multiplying each
element of given matrix (Table 7.58) by —1. Thus resulting matrix becomes :

Table 759
i : I Ifl v
A -42 =35 -28 -2t
B8 -30 =25 =20 -15
Cc ~30 =25 -20 =15
D -24 =20 =16 -12

Step 3. Subtracting the smallest element in each row from every element in that row, we get the reduced
matrix (Table 14-60).
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Table 7-60
0 7 14 21
0 5 10 15
0 5 10 15
0 4 ] 12

Step 4. Subtract the smallest element in each column from every element in that column to get the second

reduced matrix (Table 7-61)
Table 7-61

ry
0
]
0

...... ?""

ojwlw|e

3
1
1
0

Since all zeros in Table 7-6I can be covered by minimum number of lines (L, , L,) , which is less than
4 (the number of rows in the matrix), the optimal assignment is not possible at this stage.

Step 5. In Table 7.61, select the minimum element ‘1’ among all uncovered elements. Then subtract this
value | from each uncovered element, and add 1 at the intersection of two lincs L1 » Ly . Thus, the
revised matrix is obtained as Table 7.62 .
L L Table 7.62
2 3
4 L
0 2 5 3
(;) 0 1 2
; ¢ i z
............. ? N - Q . S Y | T S—— - —p L,
Step 6. Again, repeat Step 5. Since the minimum number of lines (L; , L, , Ls) in Table 14-62 to cover all

oOow»

zeros is less than 4 (the number of rows/columns), subtract the min. element 1 from all uncovered
elements and add 1 at the intersection of lines (L, ,L;} and (L, Ly). Then find the optimal

assignment as explained in Step 7.

Step 7. To find an optimal assignment.
Since there is a single zero element in row 1 and column 4 only, make the zero assignment by putting T
around these two zeros and cross-out other zeros in column | and row 4. Other zero-assignments are quite
obvious from the following tables :

Table 7.63 (a) Table 763 (b)
I n I v H I I v
(0] 2 4 7 A 0 2 4 7
] [0} B ] B X B [0] 1
B A [0) 1 c H [ X i
2 1 B [0] D 2 1 H £o]
Thus, two possible solutions are ; (i) A-I,. B-II, C-III, D-IV; (i)A-I, B-III, C-II, D-IV.

Both the solutions show that the best salesman A is assigned to the richest territory I, the worst salesman D
to the poorest territory IV. Salesman B and C being equally good, so they may be assigned to either IT or HI.
This verifies the answer.

Example 16. A manufacturing company has four zones A, B, C, D and four sales engineers P, 3, R, §
respectively for assignment. Since the zones are not equally rich in sales potential, it is estimated that a
particular engineer operating in a particular zone will bring the following sales :

Zone A 4,20,000
ZoneB 3,36,000
Zone C 2,94,000
ZoneD 4,62,000
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The engineers are having different sales ability. Working under the same conditions, their yearly sales are
proportional to 14, 9, 11 and 8 respectivley. The criteria of maximum expected total sales is to be met by
assigning the best engineer to the richest zone, the next best to the second richest zone and so on.

Find the optimum assignment and the maximum sales. . (C.A. (May) 98)

Solution. Step 1 : Construct the Effectiveness Matrix. To avoid the fractional values of annual sales of
each sales engineer in each zone, for convenience consider their yearly sales as 42 (i.e., the sum of sales
proportions), taking Rs. 1000 as one unit. Now divide the individual sales in each zone by 42 to obtain the
required annual sales by each sales-engineer. The maximum sales matrix so obtained is given in Table 7,64

Table 7.64 ; Effectivenass Matrix

Zones -Sales proportion
Sales Engineer A _ B C | D
P 140 112 98 154 14
Q 90 7 63 9 .9
R 110 88 77 121 n
S : 80 64 56 88 8
Sales (in Rs. 1000) 10 8 7 11

Step 2 : Converting Maximization Problem into Minimization : The given maximization assignment
problem (Table 7.64) can be converted into a minimization assignment problem by subtracting from the
highest element (i.e., 154), all the elements of the given table. The resulting matrix so obtained is given in
Table 7.65 below :

Step 3 : Subtracting the smallest element in each row from every element in that row and smallest element
in each column from every element in that column, we get the following reduced matrix (Table 7.66). Since all
zeros in Table 7.65 can be covered by minimum number of lines (L, L;) which is less than the number of rows

(4) in the matrix, the optimum assignment is not possible at this stage and we pass to the next step.

Table 7.65 : Equivailent Cost Table Tahle 7.68
Zone| , B c D . Zone| 4 B C D
Sales Engr. _|Sales Engr.
P 14 42 56 0 P 6 18 24 L
0 64 82 9] 55 o 1 3 4 0
R 44 66 77 33 R 3 9 12 0
§ 74 90 98 66 s 0" 0 0 Qereeef-p Ly
-~ '[1
Table 7.67
Step 4. Select the minimum element ‘1" | Zone| A B C D
among all uncovered elements and subtract this |Sales Engr” -
value from each uncovered element and add *1” P 5 17 23 0
at the intersection of two lines L, L;. Draw [0} 0 2 3 0
more minimum possible number of lines so as to R 2 8 11 9
cover the new zeros (Table 7.67). s R [ P— Qreerennes g-rl-p L,
: Vi, YL,

Step 5. Since the number of lines is still less than the order of the sale matrix, we repeat the procedure and
obtain Table 7.68 and Table 7.69. The table shows that the number of lines is equal to order of the sale matrix
and hence an optimum solution is obtained.
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Table 7.68 Table 7.69
Zone—p| A B C D Zone—»| A B c D
Sales Engr.¥ Sales Engr.¥ '
P s 15 21 ¢ P 3 1B 19 0
0 EONY | PEPe— [ | [— Q'"'"" L, o U TR | PIRR (R ..Q... -+ L,
R 2 6 9 0 R 0 4 7 0
Ky Y S—— Qeeereese | — 3-.. > L, s ...3 ........ ) r— | o 3. >,
v v v
L L, L,
Table 7.70
Step 6. To determine the optimum assignment, Zone—»| B C D
we first observe that there is only single zero| Sales Engr.¥
element in row 1 and column 3, so we make the zero P 3 13 19 [0
assignment by putting ‘L]” around these two zeros
and cross-out other zeros in column 4 and row 4. Q H (o] 1 2
The remaining zero-assighments are quite obvious R (0] 4 7 H
from the adjoining Table 7.70. S 2 B 0] 5

The optimum solution is obtained and the assignment is :
PoDQ->BR—Aand §—C

The solution shows that the best salesman P is assigned to the richest zone D and the worse salesman S to

the poorest zone C. The second best salesman to the next richest zone A and so on.
Maximum sales= Rs. 154 +72+ 110+ 56 = Rs. 392 thousands
= Rs. 392000. _

Example 17. Five salesmen are to be assigned to five territories. Based on the past performance, the
following table shows the annual sales (in rupees lakhs) that can be generated by each salesman in each
territory. Find the optimum assignment.

Territory, T T, T T Ts
Salesman
5 26 14 10 12 9
5 31 27 10 14 16
5 15 18 16 25 30
S 17 12 2t 30 25
Ss 20 19 25 16 10
_ [A.LM.A. (P.G. (Dip. in Management)), Dec. 96]
Solution. Step 1. Since the matrix represents the sales Temitory| T, T T Te Ts
which can be generated by each temitory, the objective
function of the assignment problem is, therefore, to maximize |S2icsman
the total sales generated. But the algorithm for assignment | 5 3 12 2
problem is for minimization of the objective function, We, 5 0 4 ' 17 15
therefore, convert the given problem to minimization 5 16 13 15 6 1
problem, by subtracting all the elements of the given matrix S 14 19 10 l 6
from the maximum element 31 to obtain the adjoining matrix. S T 12 6 15 21
Step 2. Row subtraction -Column subtraction
Tertitoey | T3 T, T3 T Ts Termitory| T, Ty T3 Ty Ts
Salesman Salesman
5 0 12 16 14 17 5 0o 8 16 14 17
5 0 4 1 17 15 5 0 0 1 17 i5
Ss 15 12 14 5 0 5 15 8 14
S 13 1B. 9 o 5 LA 13 14 9 0 5
S5 5 6 0 9 15 Ss 1 s 2 0 - 9 15
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Territory— T, T, T, T, T,
Salesmun ¥ ; : :
S; 9 12 16 14 17
- . §; srornmneeeananns Gunenne froees t7 15 >
Step 3. Minimum straight s, s M i y ('JJ >
lines to cover zeros. 5, 5 18 9 0 :
5 3 6 0 9 15
v .
Ly ]Y: - I-t 1?5
Ten'itol'y—' T 1 T, 2 T, 3 T‘ Ts
. Sal
Step 4. Since number of alesman ¥ .
lines is 5, the optimality criteria] fol 8 16 14 17
is satisfied. 5 K [ 1 17 15
5, 15 8 14 5 (0]
S, 13 14 9 @ ]
S 5 2 [o] 9 15

The optimum assignment is :

§ - Tl,Sz—) Tz,S3—) T5,8, =Ty, Ss - T,

and the maximum sales generated are ;

26+27+30+30+25 = 138.

1.

EXAMINATION PROBLEMS _
In an assigrment problem, there are 12 workers and 12 jobs to be done. Only one man can work on any one job. What is
the total number of different possible ways of assignment if the johs to the worker 3 ? [GNOU 99 (Des.)]
[Ans. 12 | = 479001500 ways] '
A marketing manager has 5 salesman and 5 sales districts. Considering the capabiiities of the salesman and the nature
of districts, the marketing manager estimates that sales per month (in hundred rupees) for each salesman in each district
would be as follows :

A B c . D E
1 2 38 40 28 40
2 40 24 28 21 36
3 41 27 .3 30 37
4 2 38 4 36 36
-5 29 33 40 as 39

Find the assignment of salesman to districts that will resultin a maximum sale.
[Agra 98; Rohil. 90; Bharathidasan B.Sc. 90] -

[Ans. 128,25 A3E,4--Cand5— D, max. profit = Rs. 191]

The owner of a small machine shop has four machinists available to do jobs for the day. Five jobs are offered with

expected profit for each machinist on each job as foltows :

1 2 3 3

A 32 41 57 18

B 48 54 62 34

C 20 31 81 57

D 71 43 41 47

E 52 29 51 50
Find by using the assignment method, the assignment of machinists to jobs that will result in a maximum profit. Which job
should be declined, [JNTU (Mech) 99, 98]

[Ans. A — dummy,B—2,C = 3,D — 1, E - 4 ; max profit = 256)

A company has six jobs 10 be processed by six mechanics. The following table gives the retum in rupees whan the th job
isasslmegtomemmecrwﬂc(u-- 1, ... ,6) . How should the jobs be assigned to the mechanics sc as to maximize the
ovarall retum,
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Job

I I [§1] v v Vi

1 9 ’ 22 58 11 . 19 27

2 43 78 72 50 63 48

Mechanic 3 41 28 91 37 45 33
4 74 42 27 49 39 32

5 36 it 57 22 25 13

6 3 56 53 31 17 28

[Meenut B.Sc. (Math.) 90 ; M.Sc. Baroda B.Sc. (Math.) 81)
[Ans. 1-2VI,25V,251,451,5-{V,6- |1, max retum =333.

5. Fivalathes are to be allotted to five operators (one for each). The following table gives weekly output figures (in piaces) :
Weekly Qutput in Lathe '

L, L, Ly Ly Ls
P 20 22 27 32 36
Q 19 23 29 34 40
Operator R 23 28 3s 39 34
S 21 24 31 37 42
T 24 28 . 31 36 4]
Profit per piece Is Rs. 25. Find the maximum profit. [C.A. {(Nov.) 93]

[Hint: The given problem is of maximization one. So convert it into an opportunity loss matrix by subtracting all the
elements from the highest element 42.] :

[Ans.: p—- Ly, Qo Ls, R— Ly, S Ly, T Lo. Max, weekly output= 160 pieces.
Maximum profit= 25 x 160 = Rs. 4000.)

7-7-2 Restrictions on Assignment

Sometimes technical, legal or other restrictions do not permit the assignment of a particular facility to a
particular job. Such difficulty can be overcome by assigning a very high cost (say, infinite cost) to the
corresponding cell, so that the activity will be automatically excluded from the optimal solution. The
following example will make the procedure clear.

Q. How will you solve an assignment problem, where a particular assignment is prohibited.

Example 18, A job shop has purchased 5 new machines of different type. There are 5 available locations
in the shop where a machine could be installed. Some of these locations are more desirable than others for
particular machines because of their proximity to work centres which would have a heavy work flow to and
from these machines. Therefore, the objective is to assign the new machines to the available locations in order
to minimize the total cost of material handling. The estimated cost per unit time of materials handling
involving each of the machines is given below for the respective locations. Locations 1, 2, 3, 4 and 5 are not
considered suitable for machines A, B, C, D and E, respectively. Find the optimal solution :

Localion (Cost in Ay.)
1 2 3 4 5
A x 10 25 25 10
B 1 x 10 15 2
Muachine C 8 9 x 20 10
D 14 10 24 x 15
E 10 8 25 27 X

How would the optimal solution get modified if location 5 is also unsuitable for machine A ?

Solution. Since locations 1, 2, 3, 4 and 5 are not suitable for machines A, B, C, D and E respectively, an
extremely large cost (say =) should be attached to these Jocations. Then the cost matrix of the resulting
assignment problem becomes as shown below :

© 0 25 25 10 P 2 6 3 [0]
1 8 10 15 2 H @ [0 2 1
8 9 ® 20 10 i 3 o Lol 2
14 10 24 ® 15 2 (o] 3 @ 3
10 8 25 27 © fo] X 6 5 ©
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Following the usual procedure of solving an assignment problem, the optimum assignment is obtained as
shown in the above right side table. This gives the optimal assignment as :

A-5, B-3, C—4, D2 and E - 1, withtotal mincost= Rs. 60 .

Now if location 5 is also not suitable for the.machine A, we attach an extremely large cost (= oo) (o cell
(1, 5}. Again applying the assignment procedure to this modified problem, the following assignment solution
can be easily obtained.
A—4B—-3,C55,D>2,andE>1
A=2,B-53C—>54D>S5 and E>1

Q.  Explain how to modify an effactivenass matrix in an assignmant problem i a particular assignment Is prohibited.

or } with min cost of Rs. 65,

EXAMINATION PROBLEMS .
1. Five oparators have to be assigned to five machines. The assignment costs are given in the table below :
. Machine

1 1] 11 v vV

A 5 5 —_ 2 6

B 7 4 2 3 4

Operator  C 9 3 5 — 3

D 7 2 6 7 2

E 6 5 7 9 1

Operator A cannot

opserate machine lll and operator C cannot operate machine IV. Find tho'optimal assignment

schedule,
[Ans, A5 IV B, Co I, D), EaV oA IV, B, €—=V,Doll,E—>I, mincost= 15 ]

2. Four operators Oy, Op, O3 and O, are available to a manager who has to get four jobs Jy, Jp, Jyand J, done by
assigring one job 1o each operator. Given the times needed by different operalors for different jobs in the matrix below :

]l r ]2 J;’ 14
(¢ ]] 12 10 10 8
Os 14 12 15 n
0Os 6 10 16 4
Oy ] 10 9 : 1

(i) How shouid the manager assign the jobs so that the totai ime neaded for all four jobs is minimum ?
(i) if job Jz Is not to be assigned to operator Op, what should be the assignment and how much additional total time will
be required ? [C.A. (May) 94]

() Oy — J3, 02 ~> Ja, Oy = Jg, Oy = Jy, min. time =34. | ) _ _
[Ans. () Oy = Ja, 03 = Jg, O3 = Jy, O¢ = J, min time = 36, | - Additional time requirad = 36 — 34 = 2 units of ime.

3. Five swimmers are eligible to completa in a relay team which is to consist of four swimmers swimming four different
swimming styles; back stroke, breast stroke, free style and butterfly. The time taken for the five swimmers—Anand
Bhasker, Chandr, Doral and Easwar—to cover a distance of 100 meters in various swimming styles are given below in
minutes, seconds. : -

Anand swims the back stroke in 1 : 09, the breast stroke in 1 : 15 and has never competed in the free style or

buttertly,

Bhasker is a free style spacialist averaging 1 : 01 for the 100 maters but can also swim the breast stroke in 1: 16 and

butterfly in 1 : 20.

Chandru swims all styles—back 1: 10, butterfly 1 : 12, frae style 1 : 05 and breast stroke 1 : 20.

Dorai swims only the buttertly 1: 11 while Easwar swims the back stroke 1 : 20, the breast stroke 1 : 16, the fres style

1: 06 and the butterfiy 1 : 10, ]

Which swimmer should be assigned to which swimming style ? Who will not ba in the relay. [C.A. (Nov.) 91]
[Hint. The assignment matrix with time expressed in seconds and adding a dummy style to balance it is given by

Back stroke Breast stroke Free style P Butterfly Dummy
Anand 69 75 - - [1]
Bhasker — 76 61 80 0
Chandry 70 80 65 12 )]
Dorai - — - 71 0
Easwar 80 76 66 70 0
[Ans. Anand will be in Breast stroke, (time 75 secs.) Dorai will not participate (dummy), (time 70 secs.)

Bhasker will be infree stroke,  (time 61 secs.) Easwar will be in Butterfly, (time 70 secs.)
Chandru will be in Back stroke, (time 70 secs.) Dorai will be out of the relay.
Total minimum time in the relay (= 276 secs or 4 min. 36 sec.)
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4. WELLDONE company has taken the third oor of a multistoreyed bullding for rent with a view to locate one of their zonal
offices. There are five main raoms in this floor 1o be assigned to five managers. Each room has its own advantages and
disadvantages. Soms have windows, some are cioser fo washrooms or to the canteen or secretarial pool. The roams are
of ali different sizes and shapes. Each of the five managers were asked 1o rank their roomn preferences amongst the
rooms 301, 302, 303, 304 and 305. Their prefarences were recorded in a table as indicated balow.,

M, M, M, My Ms
302 302 103 302 301
303 304 301 . 305 302
304 105 304 304 304
301 305 303
302

Most of the managers did not list ali the five rooms since they were not satisfied with some of these rooms and they have
left off these from the list. Assuming that their praferences can be gquantified by numbers, find out as to which manager

should be to which room so that their total preference ranking is a minimum. [C.A. {Nov.) 90]
{Hint. Formulation of preference ranking assignment problemis : .
M, M; M My Ms
301 - 4 2 - I
302 1 5 1
Room No. 303 2 - | 4 -
304 3 2 3 3 k)
305 - 3 4 2 —

[Anl.M,-»302.Mg—baN,M@—)s_OG.M4—»305.M5—&m1.-andﬂwlohimirimmrankingls1+2+1'+2+1 =77

imagine yoursaif 1o be the Executive Direcfor of a S-star Hotel which has four banquet halls that can be used for all
functions including weddings. The halls were all about the same size and the facililies in each hall differed. During a

heavy marriage seen, 4 parties approached
marriage parties were toki that the first cholce among these 4 halls would cost Rs. 10,000 for the day. They were
. also required to indicate the second, third and fourth preferences and the price

These

you to resarve a hall for the maniage 1o be celebrated on the same day.

Revenus/Hsll Table

that they would be willing to pay marriage
party A & D indicated that they won't be interested in Halls 3 & 4. Other particulars are given in the following table :

Marriage Party Hall
1 2 3 4
A 10,000 9,000 x X
B 8,000 10,000 8,000 5,000
C 7.000 10,000 6,000 8,000
D 10,000 8,000 x x

Whare x indicates that the party doas not want that Hall. Decida on an allocation that will maximize the revenue to your

Hotel

[C.A. (May) 95]

[Hint. To soiva this problem of maximization, first convert it to a minimization problem by subtracting all the elements of
the givan matrix from its highast element which is equal to Rs. 10,000 hers. The matrix thus obtained will be named
apply assignmen to the loss matrix.]

(Ans. Marriage party A — Hall2,B—3,C—o4andD > 1.
Maximum revenue = Rs. (9,000 + 8,000 + 8,000 + 10,000) = Rs. 35,000.]

a8 loss matrix. Now

6. The secretary of a School is

taking bids on the city’s four school bus routes. Four companies have made the bids as

detalled in the following tabie :
Company Bids (in Rs.}
Roule | Route 2 Route 3 Route 4
1 4,000 5.000 - -
2 - 4,000 - 4,000
3 3,000 - 2,000 -
4 — — 4,000 5,000

sach bidder can he assigned only one route. Use, the assignment mode! to minimize the school's cost of

running the four bus routes.

[C.A. (Nov.) 95]
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[Hint. Since some of the companies have not made bids for certain routes, assign a vel bid M for all such routes.
Then apply assignment aigorithm.] ) o Y high
[Ans. Company 1 = Route 1, Company2 — Route 2, Company 3 — Route 3, Company4 — Route 4. Minimum cost
= Rs. (4000 + 4000 + 2000 + 5000) = Rs. 15,000.]
7. Suggest optimum assignment of 4 workers A, B, C and Dto 4 jobs, 1, II, lit and IV. The time taken by diffarent workers in
completing the ditferent jobs is given below :

Job
I I 1S v
A 8 10 12 16
Worker B 1 11 15 t
C 9 6 5 14
D 15 14 9 7
Also indicate the total time taken iin completing tha jobs. [Raj. (M. Com.) 98; Dethi (M. Com.) 96]

[Ans. Optimum assignment is :

8 1 7
11— A, h'—l) 8, mip C IV— D, Mincost = 31}

8. The XYZ company has 5 jobs /, if, fll, IV Vo be done and 5 men A, B, C, D, Eto do these jobs. The numbar of hours
each man would take to accomplish each job is given by the folowing table.

L M N [#) P
A 16 13 17 19 20
B 14 12 13 16 17
C 14 I} 12 17 18
D 5 . 5 8 8 1
E 5 3 ' 8 8 10

Work out the optimum assignmant and the total minimum time taken. [Altahabad (M.B.A.) Feb., 99]

13 17 12 5 8
Ans. A m, 80, e 2 N, 0251, B2 Ocost= 5]

9. Given the following data, determine the least cost aliocation of the available machines to five jobs.

Job
A B c D E
1 25 29 31 42 37
2 22 19 S35 18 26
Machine 3 39 38 26 20 13
4 34 27 28 40 2
5 24 @ 6 23 . 45

[Andhra (M.B.A.) 98]

19 25
[Ans.1£>A,2-——» B.3-2~6-h C.4£+ E, §— Dcost= 125]
10. A company receives tenders for four projects from five contractors. Only one project can be assigned to any contractor.
The tarwder receivad (in thousands of rupaes) are given below. Contractor D does not want to carry out project 2 and has
not, therefore, submitted the tender for that,

Contractor
A B ' D E
' 500 600 150 450 600
Project 2 400 550 200 — 550
' 3 450 575 175 45 610
4 475 575 185 440 590

(i) Using the Hungarian method, find the set of assignments with the smallest possible total cost.
{ii) What will be the minimum cost of getting all the projects completed ? [Delhi {M. Com.) 8]
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11. The Secretary of a School is 1aking bids on the City's four school bus routes. Four companies have made the bids as

12

detalled in the
BIDS
Route I Route 2 . Route 3 Route 4

Company 1 Rs. 4,000 Rs. 5,000 —_ —

Company 2 — Rs. 4,000 — Rs. 4,000

Company 3 Rs. 3,000 — Rs. 2,000 —

Company 4 — — Rs. 4,000 Rs. 5,000
Suppose eqch biider can ba assigned only one route. Use the assignment model fo minimize the school's cost of
m.mhe four bus routes [C.A. (Nov.) 95]

BIDS
Steps 1 : Row reduction Route 1 Route 2 Route 3 Route 4
) Company 1 I-EI 1,000 —_ —
Company 2 — — 0
Company 3 1,000 — @ —
Company 4 — — 0 _ 1,000
Steps 2 : Since cach column Route | Route 2 Route 3 Route 4
:‘:j nc:m:?:ﬁ p‘.‘: a::';n“: Company 1 0 1,000 — -
matrix, Let us start assigning Company 2 - o - Y
as usual. Company 3 1,000 —_ 0 —
* Company 4 —_ _— 0 1,000
The minimum uncovered element is 1,000.
‘Step 3. Performing the usual operations, Step 4 : The dasired solution is ‘
Rouie ] Route 2 Route 3 Route 4 Company Route Cost(Rs.)
Company | {o] 1.000 —_ —_ 1 1 4,000
Company 2 - @] — 0 2 2 4,000
Cotnpany 3 1,000 —_ 5] — 3 3 2,000
cumpny4 — — 0 [T 4 4 5,000
4 different products, viz,, A, B, Cand D having 4 operators, vz, P, @, Rand S who are
enpnhlo of producing any of the four products, works eﬂectlvaly 7 hours a day. The time (in rmnutes) required for each
operator for producing each of the products are given in the cells of the following matrix along with profit (Rs. per unit) :
Product
Operator A B c D
P 6 10 14 12
Q i 7 5 3 4
R 6 7 10 10
S 20 10 15 15
Profit (Rs./unit) 3 2 4 1
Find out the assignment of operators to product which will maximize the profit. {C.A. (May) 96]

fHint. Step 1 : Given that the unit (factory) works effectively for 7 hours and the processing time (In minutes) for each of

ﬂnfourpmdl.m bydﬂferantopemm wo obtain the production and profit matrices as foliows :

Matrix Profit Matrix
Operator Product Operator Product
A B C D A B C D
P 70 42 3¢ s P 210 84 120 35
Q 60 84 140 15 Q 180 168 560 105
R 70 60 42 42 R 21¢ 120 168 42
S 20 42 28 28 S 60 84 112 28
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To use the same algorithm for minimization, subtract all the elements from the highest value and obtain the following

matrix :
Operator Preduct
A B C D
P 350 476 440 525
Q 380 392 0 455
R 350 440 392 518
S 500 476 448 532
Subtracting row minimum, we obtain Subiracting column minimum and after assignment, we
get
Operator Product Operatot Product
A B C D A B C D
P 0 126 90 175 P (0] 98 90 9l
Q 380 392 0 455 Q 380 164 (o] 371
R 0 90 42 168 R 0 62 42 84
s 52 28 0 84 s 52 [o] 0 —
Since required number of assignments could not be made, proceed The optimum solution is :
further.
Operator Product Operator Product Profit
A C D (Rs.)
|4 |_T_| 90 29 P A 210
Q 380 302 300 Q C 560
R 0 42 2 R B 120
5 114 62 {0] 5 D 23
Total profit ol8

13. (a) A firm produces four products. Thera are four operators who are capable of producing any of these four products. The
processing time varies from operator 1o operator. The firm records 8 hours a day and allows 30 minutes for lunch. The

rocessing tima in minutes and ths profit for sach of the product are given below :
Operator Product

A B [ D

1 15 9 10 6

2 10 & 9 6

3 25 15 15 9

4 15 9 10 10

Profit (Rs. per unit) 8 6 5 4

Find the optimum assignment of product to operators. [C.A. Nov., 87]

{b) Five Iathes are to be allotted to five operators {one for each). The foliowing table gives weekly output figures (in

pieces) ;

Operator
P
Q
R
S
T

L
20
19
23
21
24

Ly
22
23
28
24
28

Lathes

Profit per piece is Rs. 25, Find tha maximum profit per week.
{Hint. The net working time is 450 minutes per day. The number of items that could be produced by the four operatorsis

Ly
27
29
35
3t
31

La
32
34
39
37
36

Ls
36
40
34
42
4l

given below :
Operator Product
A B C D
1 30 50 45 75
2 45 75 50 75
3 18 30 0 50
4 30 50 45 45
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Muttiplying with the corresponding profit, we obtain the following matrix for finding maximizing profit.

Cperator Product

A B C : D

1 240 - 300 225 . 300

2 360 450 250 300

3 144 180 150 200

4 240 300 225 180

FINAL TABLE : Optimum solution
Operator Product The assignment is

A B C D Operator Product Profit
1 0 0 21 { 0] 1 - D 300
2 30 o] 146 150 2 - B 450
3 0 24 4 3 - o 150
4 [o] 0 21 120 4 - A 240
Rs. @

14. The marketing director of a multi-unit company is faced with a problem of assigning 5 senior managers to six zones,

15

16.

From the past experience he knows that the efficiency percentage judged by sales, operating cost ate. depends on
manager-zone combination. the efficiency of different managers is given below :

Zone
Manager I n - H v v vl
A 73 91 87 82 78 80
B &1 BS 69 76 74 85
C 75 72 83 84 78 bl
D 93 96 86 91 83 82
E 90 91 79 89 69 76
Find out which zone will be managed by a junior manager due to non-availabllity of senior manager.

[Poona (M.B.A.) 98]
(Ans. A Hil, B I, Co VI, Do I, E— IV, F—> Vand zone V should ba managed by a junior manager.]

To stimulate interest and provide an atmosphere for intellectual discussion, a finance faculty in a management school
decides to hold special seminars to four conternporary topics—easing, porifolic management, private mutual funds,
swaps and oplions. Such seminars should be held oncae in a week in the attemoons. However, scheduling these
seminars (one for each topic, and not more than one seminar per afternoon) has to be dona carefully so that the number
of students unable o attend is kept to & minimum. A cereful study indicates that the number of students who cannot
attend a partictlar seminar on a spacific day is as follows ;
Leasing Portfoliomanagement  Private mutual funds Swaps and options
Monday 50 40 60 20
Tuesday 40 30 40 30
Wednesday 60 20 30 20
Thursday 30 30 20 30
Friday 10 20 10 30
Find an optimum schedule of tha seminars. Also find out the totat number of students who wilt be missing at least one
seminar. [C.A., May 99]
[Hint. Final Table : Optimum Solution
1 I I | v Y
Leasing Portfolio Private Mutual Swaps and Dummy
Management Funds options
I Mon. 30 20 40 0 0
2. Tues. 20 10 20 i0 10
-3 Wed. 40 0 10 0 0
4. Thurs. 10 10 0 10 0
5. Fri. 0 10 0 20 10
20 0 20 20 10
[Ang. 1 — IV, 22—V, 33—l 44—l ,4— |, cost=T0.]
XYZ Alrline operating 7 days a week has given the following time-table. Crews must have a minirmum layover of § hours

batwaen flights, Obtain the pairing flights that minimizes layover time away from home. For any given pairing the crew wilt
be based at the city that results in the smaller layover :
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Chennai—Mumbai Mumbai—Chennai
Flight Number Depart. Arrive. Flight Number . Depart. Arrive.
Ay 6 AM 8AM B, 8§ AM 10AM
A, 38 AM 10 AM B, 9 AM , 11 AM
Ay 2PM 4PM B, 2PM 4PM
Ay 8PM 10 PM By TPM 9PM
[Hint. See Example 5.}
[Ans. A, — B, A; > By, A3 — By, Ay = B, *+Min. Layover time 40 hrs.] [CA {May) 2000]
17. Due io absence of a workman, an officer has to assign four cut of five different jobs o four workers with the performance
matrix given balow :
Operators
A B C B
1 3 [ 5 3.
Jobs 2 4 9 3 2
3 13 2 4 6
4 10 4 6 5
5 11 12 14 10
[Ans.123A,25C,358,45D,5-Dor13A,24D,3> C,4-B,5-0 [IGNOU 2000]

18. Four different jobs can be done on four ditfarent machines. Tha set up and down time costs are prohibitively high for
changa overs. The matrix below gives the costin hundreds of Rs. for job Jito M;

Machine
| M, X M; M My
5 10 13 9 15
Job 15 12 . 10 12 9
I3 16 t4 15 13
I il 1 12 8
Assign the jobs to the machines in order to minimiza the total cost, [AIMS {Banglore) MBA 2002]

7.8 SENSITIVITY IN ASSIGNMENT PROBLEMS

The structure of assignment problem is of such a type that there is very little scope for sensitivity analysis.
Modest alterations in the conditions (such as one being able to do iwo jobs) can be considered by repeating the
man’s row and adding a dummy column to square up the matrix.

Addition of a constant throughout any row or column also makes no difference to this position of optimal
assignment. However, sometimes equiproportionate change throughout a row or column can make a

difference. So in reference to assignment problems there is no scope for altering the level of an assignment.

Q.1. (a)Whatis Assignment Problem 7 Give two areas of its applications.
(b) How far sensitivity analysis is relevent to assignment.
2. Show that the lines drawn in the assignment algorithm pass through all the zeros and hava the property that every line
passaes through one and only one assignment.
3. Show that in an assignment, if we muttiply each element of the effectiveness {cost) matrix by some fixed number, then
the optimal solution remains unchanged. .

EXAMINATIONS REVIEW PROBLEMS

1. Alpha corporation has four plants each of which can manufacture any one of four products, Production costs differ from
one plant to another as do sales revenue. Given the revenue and cost data below, obtain which product each plant

should produce o maximize profit
Sales revenue (Rs.’ 000s) Product Production costs (Rs.’ 000s)
Plant | 1 2 3 4 Plant_ | 1 2 3 4
A 50 68 49 e A 49 60 45 61

B 60 70 5t 74 B S5 63 45 69
C 55 67 53 70 c 52 62 49 68
D 58 65 54 69 D 55 64 48 66
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[Hint. Construct the profit matrix by using the fact : Profit matrix = Revenue matrix — Cost matrix.

To make use of minimization technique, subtract
8. Then apply assignment rule in usual manner.]
[Ans.A-2,8B-4,C-1,D-3)]

. Find the optimal solution for the assignment problem with the following cost matrix.

each slemant of profit matrix from the maximum slement which wilt be

[Ans. A-V B-|,C-lt,D-l, E-V] .

[Ans. (DA N, B 1, CoaV, Do lif, E- IV;

) It I v v | n /i v
i A i 17 8 16 20 (i) A 5 3 1 8
B 9 7 12 6 15 B 7 9 2 6
C 13 16 15 12 16 C 6 4 5 7
D 21 24 17 28 26 D b1 7 7 6
E 14 10 12 11 15
) : [LLA.S. (Main) 2000]
[Ans, () A-1,B-tV,C~V, D-ilf, E- if, mincost= 60, (i) A=itt, B=-IV, C~If, D-1, min cost = 16]
. Solve the following assignment problems :
Men Persons
(i) I It m v {ii) 1 2 3 4
A | 3 2 8 8 A W o122 1’9 on
B 2 ] 3 1 5 . B 5 10 7 8
Tasks C 5 6 3 4 & Tasks C 12 14 13 1
D 3 1 4 2 2 b 3 15 Il 9
E | 5 6 5 4
[Ans.A-1,B-IV,C-#l,D-ll, E- V). [Ans.A—2 B3,C—4, D1 min cost = 38],
(ii1) ! 2 3 4 {iv) 1 n I v
I 12 30 21 I5 1 2 3 4 5
' 138 kX] 9 31 2 4 5 6 7
r 44 25 24 21 3 7 8 9 L]
fid 23 30 28 14 4 3 5 8 4
{Meerut (Maths) 81]
[Ans. /-1 113, H-2,1V-4] [Ans. (Y1-/,2-11,3-/1, .
(1-H,2-1,3-1V,4- i andothers]
) Man {vi) Job
1 2 - k) 4 5 I 2 3 4 5
i 12 8 7 15 4 A 8 4 2 & 1
I 7 9 I7 14 t0 B 0 9 5 5 4
Jobs I 9 6 12 6 7 Person C 3 8 9 2 6
v 7 6 14 10 D 4 3 1 0 3
v 9 6 12 10 6 E 9 5 8 9 5
[Ans. i-3, -1, M-2, -4, V-5; ['AS (Maths) 89]
NI-3.6-1, -4, Iv-2,Vv- 5]. [Ans.A> 5,85 1,C54,D93,E52 mir. cost= 9]
{vii) f i "o v (viii) Ion o oom v 1%
15 21 17 4 9 A 6 5 8 1 16
3 40 21 1¢ 7 B | 13 16 1 10
9 & 5 3 10 C 16 11 8 8 8
D 14 B 6 9 D 9 14 12 10 16
I "21 16 18 7 4 E 10 i3 11 8 16

(A=, BV, CoV, D1, E= I, mincost= 34),
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4. There are five jobs to be assigned one each to 5 machines and the associated cost matrix is as follows :

Machine

1 2 3 4 5

A 11 17 8 16 20

B 9 7 12 6 15

Job C 13 16 15 12 16
D 21 24 17 28 26

E 14 10 12 3! 15

{Ans. A-1,8-4,C-5,D-3, E-2mincost= Rs. 60]. .

301

§. An air freight company picks up and delivers freight where customers require. Company has two types of aircrafts X and
¥ with equal loading capacities but different operating costs. These are shown below :

Type of aircraft Cost per freight Freight(Rs.)
Empty Loaded
X 1-00 2:00
N 4 1-50 300

The present four locations of the aircratts which the company is having are as shown below :

’ JrX KoY, LoaY MaX
Four customers of tha company located at A, 8, Cand D want to transport nearly the same size of load to their final
destinations. The final dastinations ara at a distance of 00, 300, 1000 and 500 kms from the loading points A, B8, Cand
D, respectively.
Distances in kms. betwaen location of the aircraft and the loading points are as follows .

Loading points
A B C D
J 300 200 400 100
Present location K 300 100 300 300
of aircraft I 400 100G 100 500
M 200 200 400 200

Determine the allocations which minimize the total cost of transponation.
[Ans. /5> D, K-> 8,L-3C, M= AL

. The jobs A, B, Care to be assigned three machines X, Y, Z The processing costs (Rs.) are as given in the matrix shown
below. Find the allocation which will minimize the overall processing cost.

Machine
X Y Z
A 19 28 31
Job B 11 I7 16
C 12 15 13

[Ans. A-X;B-Y,C-2]
. A project work consists of four major jobs for which four contractors have submitted tendars. The tender amounts quoted
in lakhs of rupees are given in tha matrix below :

Job
[ b - ) c d
! 10 24 30 15
Contractor 2 16 22 28 7 12
3 12 20 32 10
4 9 26 34 16

Find the assignment which minimizes the total cost of project [each contract has to be assigned at least one job).
{Ans. Three altemative assignmaents are : (i} 1 ab,25c,39d, 4> ali)j1>¢c,23b,3>d, 424,
(iNt—-¢c,2—-d,3->b,4—a; min.cost= Rs. 71,00,000].
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8. Acompany is producing a single product and selling it through five agencies situated in different cities. Aliof a sudden,

10.

11.

12.

there is a demand for the productin another five cities not having any agency of the comapny. The company is faced with
the problem of deciding on how to assign the axisting agencies to daspatch the product to needy cities in such a way that
the total travelling distance is minimized. The distance between the surplus and deficit cities (in kilometers) is given by

Deficit city
A B’ c’ ’ D’ E’
A 10 5 9 18 1]
B 13 9 6 12 14
Surplus city C 3 2 4 4 -5
D 18 9 12 17 15
E 11 6 14 19 10

Determine the optimum assignment scheduie.
[Ans. A A, B C, CoD, D08 ,E5E,2=39km]

. Find the minimum cost solution for the 5 x 5 assignment problem whose cost cosfficients are as given below :

! 2 3 4 s
! -2 -4 -8 -6 -1
2 0 -9 ~5 -5 -4
3 -3 -8 0 -2 -6
4 -4 -3 -1 0 -3
5 -9 -5 -9 -9 -5

[Anq. 1+3,252,335,494,551 or 1-34,2-2,353,455,51, 2 =36

A company has 4 machines of which to do 3 jobs. Each job can be assigned to one and only one machine. The cost of
aach job on each machine is given in the following table : ’

Machine
w X Y z
A 18 24 28 32
Job B 8 13 17 18
[ {1] 15 : 19 22

What are the job-assignments which will minimize the cost 7
[Ans, A5 W, B X, CaY oA W, B Y,Co X, 2 =50]

Six wagons are available at six stations A, 8, C, D, E and F, These are required at stations /, 4, ifl, IV, Vand V1. The
mileage between various stations is given by the following table :

1 II i v v Vi
A 20 23 i8 10 6 ) 20
8 50 20 17 16 15 11
C 60 30 40 55 8
D 6 7 10 20 100
E I8 . - 19 . 28 17 60 70
F 9 10 20 30 40 355

How should the wagons be transportad in order to minimize the total mileage covered.
[Ans. A IV, B VI, Co V., D i, E— [, F— I lotal mileage = 66].

The owner of a small machine shop has four machinists avilable to assign to jobs for the day. five jobs offered with the
expected profit (in Rs.) for each machinist on each job bding as follows. ‘

Job
A B C D E
1 6.20 7.80 5.00 10.10 8.20
Machinist 2 7.10 8.40 6.10 7.30 590
3 870 9.20 : 11.10 7.10 8.10
4 4.80 6.40 8.70 7.70 3.00

Find the assignment of machinists to jobs that will resuit in a maximum profit. Which job should be declined ?
{Ans.1 > 0,25 8,3 C,4- E,5-+ A, min. cost=Rs. 37-60. Job A should be declined].
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13.

14,

15.

16.

17.

A computer centre has got three programmers. The centre needs three application programmes to be developed. The
Head of the computer centre, after studying carefully the programmes to be developed, estimates the computer timea in
minutes required by the expaerts 1o the application programmes as follows :

Programmers
A B C
1 120 160 8O
Programmes 2 70 90 110
3 110 140 120

Assign the programmers to the programmas in such a way that the total computer timae is Ieast.
[Ans.1 5 C,25 5,33 A

The Research & Development department of an organization is having four major jobs to be complsted in ensuing
financial period. There are four subgroups who can work on these jobs. Because of the technical nature of problems and
heterogengous combination of groups the cost of completing the work is differant for different groups as shown in the
following table : .

Job
I . 2 3 4
i 20 ' 2 28 15
Group .11 16 20 12 13
u 19 23 i4 25
v 10 16 12 10

Allocate the jobs to the groups in such a way that the R & D budget is minimum.

[Ans. i—22, 404,153, V> 71,;154,1-52, -3,V 1, mincost=Rs. 53} :

Four engineers are availabie to design four projects. Engineer 2 is not competent to design the project 8. Given the
following time estimates needed by each engineer to design a given project, find how should the engineers be assigned
to projects so as to minimize the total design time of four projects.

Projects.
A B C D !
7 12 10 10 8
Engineer 2 14 Not Suitable 15 11
6 10 16 4
4 8 10 9

[Ans.1 5 8,2 D,3 -5 A, 4 C,; total time =36 hours.]

The owner of a small machine shop has four machinists available 1o assign 1o jobs for the day. Five jobs are offared with
expected profit for each machinist on each job as follows :

A B c D E
! 62. 78 50 191 82
2 71 84 61 73 ' 59
3 87 92 m 71 81
4 a8 64 87 77 80

Find by using the assignment method, the assignment of machinists to jobs that will result in a maximum profit. Which job
should be declined ?
[Ans.1 = D,22 B,3 - C,4 - E; max, profit= Rs . 376 .}

A company is faced with the problem of assigning 4 machines to & different jobs (one machine to one job only). The
profits are estimated as follows :

Machine

A B C D

i 3 6 2 6

2 7 1 4 4

Job 3 3 8 5 8
4 [ 4 3 7

5 5 2 4 3

6 3 1 6 4

Solve the problem to maximize the total profit.
[Ans.2 3 A,35.8,4 D,6— C max. profit=28 ]
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Find the optimal assingment for the given assignment.

Machine
1 - 2 3
| 5 7 9
Job 2 [4 10 12
3 15 ta 16 [LA.S (Maths.}) 99]
(a} The solution 1o assignment problem is inherently degenerate, Explain. [VTU (BE Mech.) 2003)

(b} An Air Transport Co. picks up and delivers freight whare customers require. The Co. has two types of air craft
Xand ¥ with equal loading capacities but different operating costs as shown ;

Type of Air craft Cost per KM in Rs.
Empty loaded
X 1.00 2.00
Y 2.00 3.00

The present four locations of the air crait which the Co. is having are :

JoOX. KoY. L-Yand Mo X
Four customers of the Co. located at A, B, Cand Dwant 16 transport nearly the same load to their final destinations. The
final destinations are at a distance of 600, 300, 100 and 506 KMs from loading peints. A, B, Cand D respactively.
Distance between locations of air craft and loading points are as follows :

A B C D
] 300 200 400 100
K 300 100 300 300
L 400 100 100 400
M 200 200 300 200 .
Detarmine the optimum allocation and total cost. [VTU (BE Mech.) 2003)

3

MODEL OBJECTIVE QUESTIONS

An assignment problem is considered as a particular casae of a transportation problem, because

{a) tha number of rows equais the number of columns. (ballx;=00r1.

{c}) all im conditions are 1. {d) alf of the above.

An optimal assignment requires that the maximum number of lines which can be drawn through squares with zero
cpportunity cost be equal to the number of

(a) rows or columns, {b) rows and columns.

(c) rows + column—1. (d} none of the above.

While solving assignment preblem. an activity is assigned to a resource through a square with zaro opportunity cost
because the objective is to .

(a) minimize total cost of assignment. (b} reduce the cost of assignment to zero.

(c) reduce the cost of that particular assignment 1o zero. (d) all of the abova.

The method used for solving an assignment problem is called

(a) reduced matrix method. (b} MODImethod. - (c) Hungarian method. {d} none of the above.
Tha purpose of a dumnmy row or column in an assignment problem is to

(a) obtain balance between total activities and total resources.

(b} prevent a solution from becoming degenerate.

(c) provide the means of representing a dummy problem.

{d) none of the above.

Maximization assignment problem is tansformed into a minimization problem by

(a) adding each entry in a column from the maximum value in that column.

(b) subtracting each entry in a column from the maximum value in that column.

(¢) subtracting each eniry in the table from the maximum value in that table,

(d) any one of the above.
If there were nworkers and njobs, there would be
{a) n | solutions. {b) {th - 1) | solutions. (¢}(n )" solutions. {d) n solutions.

An assignment problem can ba solved by
{a) simplex mathod. {b) transportation method.  (c) both (a) and (b). ~ {d) none of the above.
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8.

10.

11.

For a salesman who has 1o visit n cities. following are the ways of his tour plan

(aynt. {Yn+ 1N\ ©)y(n-11. (d}n.

The assignment problem '

(a) requires that only one aclivity be assigned to each resource.

(b} is a spsecial case of transportation problem.

(c) can be used to maximize resources.

(d) all of the above. .

Tpoeascsglv?‘r;r;\em algorithm is applicable to which of the following combined situations for the purpose of improving

'1’, Identification of sales force-market, 2. Scheduling of opserator machine, 3. Fixing machine location.

Select the correct answer using the codes given below.

Codas:(a)1,2and 3 {(b)1ang3 (c)2and3 (d) 1and 2. ]
. [IES (Mach.) 1998)

Answers
1. {d) 2.(a) 3.(a) 4, (c) 5. (a) 6.(c) 7.(a) 8.(c) 9. (c)

10, {d} ")

%
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Nerwork MopeLs : PERT/CPM

8.1. INTRODUCTION

A project defines a combination of interrelated activities which must be executed in a certain order before the
entire task can be completed. The activities are interrelated in a logical sequence in such a way that some
activities cannot start until some others are completed. An activity in a project is usvally viewed as job
requiring time and resources for its completion. Until recently, planning was seldom used in the design phase.
As the technological development took place at a very rapid speed and the designs become more complex with
more inter-departmental deperidence and interaction, the need for planning in the development phase become
inevitable.

Until five decades ago, the best known ‘planning tool’ was the so called Gantt bar chart which specifies
the start and finish times for each activity on a horizontal time-scale, but. the disadvantage is the
interdependency between different activities (that mainly controls the progress of the project) which cannot be
determined from the bar chart. Growing complexities of modem projects have demanded more systematic and
effective planning techniques with the objective of optimizing the efficiency of executing the project.
Efficiency implies effecting the utmost reduction in the time required to complete the project while accounting
for economic feasibility of using available resources. Project management has evolved as a new field with the
development of rwo ‘analytic’ techniques for planning, scheduling and controlling of projects. These are the
Critical Path Method (CPM) and the Project Evaluation and Review Technique (PERT).

8.2. HISTORICAL DEVELOPMENT OF PERT/CPM TECHNIQUES

In 1956-58, above two techniques were developed by two different groups almost simultaneously. CPM was
developed by Walker from E.L. du pont de Nemours Company to solve project scheduling problems and was
later extended to 2 more advanced status by Mauchly Associates. During the same time, PERT was developed
by the team of engineers working on the polar’s Missile programme of US Navy. This was a large project
involving many departments and there were many activities about which they had a very little information
about the duration of the project. Under such conditions, the project was to be completed within a specified
time. To coordinate activities of various departments, this group used PERT and devised the technique
independent of CPM,

The methods are essentially network-oriented techniques using the same principle. PERT and CPM are
basically time-oriented methods in the sense that they both lead to the determination of a time schedule for the
project. The significant difference between two approaches is that the time estimates for the different activities
in CPM were assumed to be deterministic while in PERT these were described probabilisticatly. Now a days,
PERT and CPM actually comprise one technigue and the differences, if any are only historical. Therefore,
these iechniques are referred to as ‘project scheduling’techniques.

Q. Distinguish between PERT and CPM technigues. [VTU {BE Mech.) 2002]

8.3. APPLICATIONS OF PERT /CPM TECHNIQUES

These methods have been applied to a wide variety of probiems in industries and have found acceptance even
in government organizations.



